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ABSTRACT. Let k he a perfect field of characteristic p > 0. We prove the existence 
of ascending and descending slope filtrations for Shimura p-divisible objects over k. We 
use them to classify rationally these objects over k. Among geometric applications, we 
mention two. First we formulate Manin problems for Shimura varieties of Hodge type. 
Under two mild conditions (checked for p>3 in [45]) we solve them. Second we formulate 
integral Manin problems. We solve them for some Shimura varieties of PEL type. 
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1. Introduction 

Let p G N be a prime. Let k he a, perfect field of characteristic p. Let W{k) he the 
ring of Witt vectors with coefficients in k. Let B{k) he the field of fractions of W{k). Let 
a := (jfc be the Frobenius automorphism of k, W{k), or B{k). An F-isocrystal over k is 
a pair (M[^],^), where M is a free VF(/c)-module of finite rank and (p : M[^] ^ M[^] is 
a cr-linear automorphism of If we have (/>(M) C M, then the pair (M, (^) is called 

an F-crystal over k. We denote also by (f) the a-linear automorphism of End(M[^]) that 
takes X G End(M[^]) to (j)oxo(j)-^ e End(M[i]). 

The -F-isocrystals were introduced by Dieudonne in his work on finite, fiat, commu- 
tative group schemes of p-power order over k. In [11, Thms. 1 and 2] the F-isocrystals 
over k are classified: an F-isocrystal over k is uniquely determined up to isomorphisms 
by its Newton polygon. Manin reobtained this classification (see [28, Ch. 2, Section 4]) 
and brought the topic into the context of abelian varieties as follows (see [28, Ch. 4]). 
Let (-D, Ad) be a principally quasi-polarized p-divisible group over k of height 2r. Let 
(Mq, (/)o, V^o) be its principally quasi-polarized Dieudonne module (see [1, Ch. 4]). The 
pair (Mq, (po) is an F-crystal over k, ipo is a perfect alternating form on Mq, and we have 
pMo C (/)o(Mo) C Mo and ipoi^'oix) , (poiv)) = pcr{ipo{x, y)), where x, y e Mq. The Newton 
polygon of (Mo, ^o) has the following three properties: 

(*) its slopes belong to the interval [0, 1], its starting and ending points are (0, 0) and 
(2r, r), and the multiplicity of a slope 7 is the same as the multiplicity of the slope 1 — 7. 



Thm. 



The first two properties of (*) are particular cases of a theorem of Mazur (see [19, 
1.4.1]). The third property of (*) is a consequence of the existence of Ad and thus 
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of ipo; in the geometric context of abelian varieties, it appears for the first time in [28]. 
The original Manin problem conjectured that each Newton polygon that satisfies (*), is 
the Newton polygon of an abelian variety over k of dimension r. It was first solved in [39] 
(see also [32] and [33] for two more recent proofs). In all that follows, expressions of the 
form GL(M) and GSp(Mo,V'o) are viewed as reductive group schemes over W{k). Thus 
GL{M){W{k)) is the group of l^(A;)-linear automorphisms of M, etc. 

Let To be a split, maximal torus of GSp(Mo, 'i/'o) whose fibre over k normalizes 
the kernel of the reduction mod p of (po- Let A'^o be the normalizer of Tq fl Sp(Mo,'i/'o) 
in Sp(Mo, -i/'o)- It is easy to see that there exists go G Sp(Mo, '0o)(W^(fc)) such that 
(fi'o</'o)(Lie(To))) = Lie(To). The three properties of (*) are equivalent to: 

1.1. Fact. For each g G Sp{Mo,iJjo){W{k)) , there exists ivq G No{W{k)) such that the 
Newton polygon of {Mo,g(f)o) is the same as the Newton polygon of (Mq, wofi'o</'o)- 

This equivalence can be checked easily by considering the actions of wofi'o'^o's on the 
rank 1 direct summands of Mq normalized by Tq. Since many years (see the paragraph 
before Subsection 1.3 below) it was expected that Fact 1.1 also holds if GSp(Mo,V'o) 
is replaced by an arbitrary reductive, closed subgroup scheme of GL(Mo) related in a 
natural way to 00 . The interest in the resulting problems stems from the study of Shimura 
varieties. A general study of such problems was started by Kottwitz in [21]. See [8], [31], 
[30], and [43, Subsection 2.5] for different types of Shimura varieties. For instance, the 
Shimura varieties of PEL type are moduli spaces of polarized abelian varieties endowed 
with endomorphisms (see [38] and [7]). Also the Shimura varieties of abelian (resp. of 
Hodge) type are moduli spaces of polarized abelian motives (resp. of polarized abelian 
varieties) endowed with Hodge cycles (see [7] and [30]). The Shimura varieties of abelian 
type are the main testing ground for many parts of the Langlands program (like zeta 
functions, local correspondences, etc.). The deep understanding of their zeta functions 
depends on the Langlands-Rapoport conjecture (see [26], [27], and [29]) on Fp- valued 
points of special fibres of their good integral models in mixed characteristic (0,p). To solve 
this conjecture and to aim in extending [36] and [18] to all Shimura varieties, one needs 
a good theory of isomorphism classes of F-isocrystals with additional structures that are 
crystalline realizations of abelian motives associated naturally to these F^-valued points. 

This paper, [44], and [45] are part of a sequence meant to contribute to such a theory. 
The below notion Shimura p-divisible object axiomatizes all crystalline realizations one can 
(or hopes to) associate to points with values in perfect fields of "good" integral models in 
mixed characteristic {0,p) of arbitrary (quotients of) Shimura varieties. The main goals 
of the paper are to classify rationally such p-divisible objects over k and to generalize the 
original Manin problem to contexts related to Shimura varieties of Hodge type. 

1.2. The language. In this paper we will use an integral language that is closer in 
spirit to the works [25], [14], and [49] which precede [21]. For a, 6 G Z, 6>a, we define 
S{a, b) := {a, a + 1, . . . ,b}. 

1.2.1. Definitions. A p-divisible object with a reductive group over A; is a triple (M, cf), G), 
where M is a free W{k)-m.odule of finite rank, the pair (M[^],0) is an F-isocrystal over 
k, and G is a reductive, closed subgroup scheme of GL(M), such that there exists a direct 
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sum decomposition 



(1) M = (BieSia,b)F\M) 

for which the foUowing two axioms hold: 

(a) we have (p-^M) = ®\=^p-'F\M) and (/>(Lie(GB(fc))) = Lie(GB(fc)); 

(b) the cocharacter /x of GL(M) such that j3 G Gm{W{k)) acts through /x on F^{M) 
as the multiphcation by /?~% factors through G. 

FoUowing [34, Section 2] we refer to : Gm — > G as a Hodge cocharacter of (M, 0, G) 
and to (1) as its Hodge decomposition. If G = GL(M), then often we do not mention 
G and so imphcitly "with a reductive group". For i e S(a,b) let F'{M) := ®]^iF\M) 
and let : F^{M) M he the restriction of to F^{M). Triples of the form 

(M, (F*(M))ie5(a,b), </>) show up in [25], [14], [49], etc. If n G N, then the reduction mod p"" 
of (M, {F'{M))i(.s{a,b), {(pi)iesia,b)) is an object of the abelian category MS'ia^^iW {k)) used 
in [25], [14], and [12]. This and the fact that such a reduction is a natural generalization of 
a truncated Barsotti-Tate group of level n over W{k) (for instance, for p > 3 see [12, Thm. 
7.1]) justifies our terminology "p-divisible object". Let G S{0,b — a) be the smallest 
number with the property that we have a direct sum decomposition 

(2) Lie(G') = et_,^F^(Lie(G)) 

such that (3 G Gm{W (k)) acts through n on F*(Lie(G)) as the multiplication by (3~\ 

We have bi = if and only if fi factors through the center of G. If 6l = 1, then 
/X is called a minuscule cocharacter of G. If 6l <1, then we say {M,(f),G) is a Shimura 
p-divisible object over k. If (o, b) = (0, 1), then we say (M, 0, G) is a Shimura F-crystalovei 
k; they were extensively used in [43, Section 5] and in many previous works on Shimura 
varieties of PEL type (see [46], [27], [23], etc.). 
For g G G{W{k)) let 

eg:=iM,gcP,G). 

We have (j)~^{M) = {g(j))~^{M) and thus Qg is also a p-divisible object with a reductive 
group over k that has /x as a Hodge cocharacter. By the extension of Gg to a perfect field 
ki that contains k, we mean the triple <^k ki := (M <^w{k) ^(^i); crfei , 

1.2.2. Definition. Let g, gi G G{W{k)). By an inner (resp. by a rational inner) 
isomorphism between Cg and Gg^ we mean an element h G G{W{k)) that normalizes 
(j)~^{M) and (resp. an element h G G{B{k))) such that we have hgcj) = g\(j)h. 

1.2.3. Notations. For g G G{W{k)) let &{g) be the set of Newton polygon slopes of 
(M[i],^0). Let = ®7ee(3)-^7(^) be the direct sum decomposition stable under 
4> and such that all Newton polygon slopes of {M^{g),(f)) are 7. If m G N is such that 
m7 G Z, then there exists a i?(/c)-basis for M^{g) formed by elements fixed by p~^'^(p^. 
Let 71, g < 72,g < ■ ■ ■ < 7ng,g be the numbers in &{g) listed increasingly. For 7 G &{g) let 

WiM^gcf)) := Mn(®«ee(3)n[7,oo)Mc,(£f)) and W"^(M,#) := Mn(®«ee(5)n(-oo,7]^«(£')). 
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Due to the axioms 1.2.1 (a) and (b), the Newton quasi-cocharacter of GL(M[^]) defined 
by gcf) (its definition is reviewed in Subsubsection 2.2.1) factors through GB{k) (see Claim 
2.2.2). Let Vg be this factorization. 

1.3. The basic results. In Sections 3 and 4 we mainly study the case when 6^ < 1 and 
we deal with two aspects of the classification of C^'s up to inner isomorphisms. The two 
aspects are: slope filtrations and Vg^s. We list the basic results. 

1.3.1. Theorem. Let g G G{W{k)). There exists a unique parabolic subgroup scheme 
PQ{g(p) of G such that all Newton polygon slopes of the F-isocrystal {Lie{PQ (gcp) B{k))i 94>) 
(resp. {Lie{GB{k))/ Lie{PQ{g(j))B{k))i g(p)) o'^e non-negative (resp. are negative). IfhL < 1, 
then there exists a Hodge cocharacter of (M.gcp.G) that factors through PQ{g(j)). 

1.3.2. Corollary. Let g G G{W(k)). We assume bL<l- We have: 

(a) There exists a Hodge cocharacter of {M,g(f),G) that normalizes W'^{M, gcf)) for 
all 7 G &{g). 

(b) Up to a rational inner isomorphism, we can assume that we have a direct sum 
decomposition M := Q)'ye6ig)MnM^{g) and that n normalizes MnM^{g) for all'-y G &{g)- 

If < 1, then from Corollary 1.3.2 (a) and axiom 1.2.1 (a) we get that the filtration 

(3) (W^^"«-(M,#),#) C (W^^".-i-(M,#),#) C ... C (W^i'i-«(M,#),#) = (M,#) 

is a filtration in the category p — M(VF(/c)) of p-divisible objects over k (the morphisms 
being W{k)-\m.eax maps that respect after inverting p the Frobenius endo morphisms). We 
refer to it as the descending slope filtration of (M, g(p). Replacing "negative" by "positive", 
we get another parabolic subgroup scheme PQ{g(f)) of G and the ascending slope filtration 

(4) {W^^jM,g(j>),g(j>) C {W^^jM,g(j>),g(j>) C ... C {W^^^jM,g(j>),g(j>) = {M,g<j>) 

of (M, gtf)) in the category p—M(VF(/c)). We can define Shimura p-divisible objects over any 
field / of characteristic p and we can always speak about their ascending slope filtrations 
over a Cohen ring K{1) of /. Thus we view (4) and its analogue over K{1) as a natural 
extension of Grothendieck's slope filtrations of p-divisible groups over / (see [47]). 

We shift to the rational classification of C^'s. For the remaining part of Section 1, 
we will assume that G is split. Let T be a split, maximal torus of G such that jJL factors 
through it. Until Section 2 we also assume that (/)(Lie(T)) = Lie(T) (in Subsection 2.5 we 
check that we can always achieve this by replacing (f) with gQ(j) for some gQ G G(W{k))). 

1.3.3. Theorem. Let g G G{W{k)). Let N he the normalizer ofT in G. We assume that 
bL<l and that G is split. We have: 

(a) There exists w G N{W{k)) such that and Vg are G{B{k))- conjugate. 

(b) If k = k, then there exist w G N{W{k)) and h G G{B{k)) such that hwcj) = g(j)h. 

Standard properties needed in Sections 3 and 4 are gathered in Section 2. See 
Subsections 2.3 and 4.1 for the proofs of Theorem 1.3.1 and Corollary 1.3.2. The proof 
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of Theorem 1.3.3 is in two steps (see Subsection 4.2). The first step works for aU Bl G 
N U {0} and shows two things. First, using the classification of adjoint group schemes 
over Zp, it shows that there exists w G N{W{k)) such that aU Newton polygon slopes 
of {Lie{GB{k)):'w<^) are (see Subsubsection 4.2.2). Second, ii k = k and if all Newton 
polygon slopes of {Lie{GB{k)): 94') of {Lie{G B{k)) , 9i4') are 0, then standard arguments 
as in [21] and [35] show that there exist rational inner isomorphisms between Gg and Cg^ 
(see Subsections 2.6 and 2.7). The second step is an inductive one. It works only if 6^ < 1 
(see Subsubsection 4.2.3). The idea is: if {Lie{GB{k))T Q'P) has non-zero Newton polygon 
slopes, then Cg has standard forms that reduce the situation to a context in which there 
exists a Levi subgroup scheme L of PQ{g(j)) such that the triple {M,g(j),L) is a Shimura 
p-divisible object. The standard forms (see Section 3) are also the essence of Theorem 
1.3.1 and Corollary 1.3.2. They are rooted on the simple property 2.4 (c) and on the fact 
that each intersection of two parabolic subgroups of Gk contains a maximal split torus 
of Gk- See Subsections 4.3 to 4.7 for examples and complements to Corollary 1.3.2 and 
Theorem 1.3.3. 

The notion rational inner isomorphism is only a variant of the cr-conjugacy notion of 
[21]; direct connections to the "i?(GB(A;))-language" of [21] and [35] are made in Subsections 
2.6 and 4.5. The notion inner isomorphism is a natural extension of the classification ideas 
of [28]. Parabolic subgroup schemes as ((/(/)) were first used in [42] for (a, 6) = (0,1). 
To our knowledge. Theorem 1.3.1 is a new result. The Newton polygon translation of 
Theorem 1.3.3 (a) was indirectly hinted at by the Langlands-Rapoport conjecture. Chai 
extrapolated this conjecture and stated rather explicitly that Theorem 1.3.3 (a) ought to 
hold (see [6]). Theorem 1.3.1 and versions of Corollary 1.3.2 and Theorem 1.3.3 were first 
part of our manuscripts |math.NT /0104152 and math.NT / 0209410| (only few particular 



cases of Theorem 1.3.3 (b) were known before |iiath.JNT/UlU4l5^ and most of them could 
be deduced from [28]). The paper [24] was written after the mentioned two manuscripts; 
one can use [24, Theorem 4.3] to recover Theorem 1.3.3 (b). See Corollary 4.4 for an 
interpretation of Theorem 1.3.3 (b) in terms of equivalence classes. The last part of 
Theorem 1.3.1 and Theorem 1.3.3 (and thus also (3) and (4)) do not hold in general if 
bL>2 (see Example 2.3.4). 

1.4. On geometric applications. In Subsection 5.1 we introduce the standard Hodge 
situations. They give birth to good moduli spaces in mixed characteristic (0,p) of prin- 
cipally polarized abelian varieties endowed with (specializations of) Hodge cycles, that 
generalize the moduli spaces of principally polarized abelian varieties endowed with endo- 
morphisms used in [46], [23], and [27]. In Subsection 5.2 we formulate Manin problems 
for standard Hodge situations. Under two mild assumptions (see Subsubsection 5.2.1) we 
solve them: see the Main Theorem 5.2.3. For p > 3, these two mild conditions are par- 
ticular cases of [45, Main Thm. 1.2 and Lemma 2.5.2 (a)]. The proof of Main Theorem 
relies on Theorem 1.3.3 (b), on Fontaine comparison theory, and on properties of Shimura 
varieties and reductive group schemes. In particular, we get a new solution to the original 
Manin problem mentioned before Fact 1.1 (cf. Subsubsection 5.2.4 (a)). In Subsection 5.3 
we follow [35, Thm. 3.8] and introduce rational stratifications of the special fibres of the 
mentioned good moduli spaces. In Subsection 5.4 we formulate lintegral Manin problems 
for standard Hodge situations. Theorem 5.4.2 solves them in many cases that pertain to 
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Shimura varieties of PEL type; the simplest example implies that each principally quasi- 
polarized p-divisible group over k of height 2r is the one of a principally polarized abelian 
variety over k of dimension r (cf. Example 5.4.3 (a)). These integral problems are nat- 
ural extrapolations of the "combination" between the Manin problems and a conjecture 
of Milne (sec [43, Conjecture 5.6.6] and see [45] for refinements of it). Section 5 prepares 
the background for a future work in which we will extend [46] to the context of many 
standard Hodge situations. This extension will be a major step toward the complete proof 
of the Langlands-Rapoport conjecture for Shimura varieties of abelian type with respect 
to primes p > 5. 

2. Preliminaries 

See Subsection 2.1 for our conventions and notations. In Subsections 2.2 and 2.3 we 
include complements on Newton polygons. We deal with two aspects: Newton (quasi-) 
cocharacters and parabolic subgroup schemes that correspond to either non-negative or 
to non-positive Newton polygon slopes. Our approach to Newton quasi-cocharacters is 
slightly different from the standard one that uses the pro-torus of character group Q (see 
[35] and [34]). In Subsections 2.4 to 2.7 we list different properties of C^'s. 

2.1. Notations and conventions. Reductive group schemes have connected fibres. If 
Spec(i?) is an affine scheme and if if is a reductive group scheme over R, let H'^'^^ ^ Z{H)^ 

and H'^'^ be the derived group scheme, the center, the maximal abelian quotient, and 
respectively the adjoint group scheme of H. We have H/Z{H) — H^"^ and H/H'^'^^ — H'^^. 
Let Z'^{H) be the maximal torus of Z{H). Let Lie(F) be the Lie algebra over R of 
a smooth, closed subgroup scheme F oi H. If i? = W{k)^ then H{W{k)) is called a 
hyperspecial subgroup of H{B{k)) (see [41]). Let Rq ^ Rhe a, homomorphism. If it is 
finite and flat, let Res7^//^„if be the affine group scheme over Spec(i?o) that is the Weil 
restriction of scalars of H (see [4, Subsection 7.6]). In general, the pull back of an Rq- 
scheme X or Xfi^ (resp. with * an index) to R is denoted by Xfi (resp. X^fi). Let E 
be an algebraic closure of a field E. 

For an i?-module N let N* Homi?(iV, R). Let N®^ ®r N*®\ with s, t G N U {0}, 
be the tensor product of s-copies of N with t-copies of N* taken in this order. Let 

^(iV) := ©.,t€Nu{0}iV®' ®R N*®K 

A family of tensors of 7{N) is denoted in the form {Va)ae3i with as the set of indices. 
We emphasize that we use the same notation for two tensors or bilinear forms obtained one 
from another by an extension of scalars. Let Ni be another i2-module. Each isomorphism 
/ : N Ni extends naturally to an isomorphism 7{N) -^7{Ni) and therefore we speak 
about / taking Va to some specific element of T(A'"i). A bilinear form on N is called perfect 
if it induces an isomorphism N ^N*. We view GL(A^) as a reductive group scheme over 
R. If /i and /2 are two Z-endomorphisms of N, then /1/2 := /i o /2- 

Until Section 5, whenever we consider a p-divisible object with a reductive group 
{M,(f),G) over k, the following notations a, b, S{a,b), ji, bL, C^'s, F%M) and F*(M) 
with i e S{a,b), and F*(Lie(G)) with i e S{—bL,bL) will be as in Subsubsection 1.2.1. 
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Often we do not mention "over k" . Let P be the parabohc subgroup scheme of G that 
normahzes F^{M) for all i G S{a,b). From Subsection 2.3 onward, 7 G &{g), M^{g), 
W"^{M, g(f)), W-y{M, gcp), and Ug, will be as in Subsections 1.2.3 and 2.2.3. If all Newton 
polygon slopes of {Lie{GB{k))j 4^) are 0, then following [21, Subsection 5.1] we say (M, cf), G) 
is basic. We denote also by (J) the u-linear automorphism of M*[^] that takes x G M*[^] 
to ax4>~^ G M*[^]. Thus (j) acts on T(M[^]) in the natural tensor way. The identification 
End(M) = M (8)vF(fc) ^* is compatible with the two actions (defined here and before Fact 
1.1). If (a, h) = (0, 1), then we refer to (M, F'^{M), 0, G) as a Shimura filtered F-crystal. 

2.2. Quasi-cocharacters. Let be a reductive group scheme over a connected scheme 
S. Let x{H) be the set of cocharacters of H. Let K{H) := x{H) x Q \ {0}. Let R{H) 
be the smallest equivalence relation on A{H) that has the following property: two pairs 
(//i, ri), (//2, '''2) £ ^(-f^) are in relation R{H) if there exists n G N such that nri, nr2 G Z, 
g.c.d.{nri, nr2) — 1, and //^'^^ = //2'^^. Let be the set of equivalence classes of R{H). 

An element of is called a quasi- cocharacter of H. Identifying x{H) with the subset 

xiH) X {1} of MH), we view naturally xiH) as a subset ofE{H). If H is a split torus, then 
x{H) = X^{H) has a natural structure of a free Z-module and we can identify naturally 
E](if) = X^,{H) (E)z Q- The group H{S) acts on via its inner conjugation action 

on x{H). If f : H ^ Hi is a homomorphism of reductive group schemes over S, then 
/*(^i,ri) (/ o Hi,ri) G A(i7i). The resulting map /* : A{H) A{Hi) is compatible 
with the R{H) and R{Hi) relations; the quotient map /* : — > S(iyi) is compatible 
with the H{S)- and i^i (S')-actions. We say f e S(iyi) factors through if f G f^{E{H)). 

2.2.1. The slope context. Let Ci^ = (M , 0, G) be a p-divisible object with a reductive 
group over k. Let 6(1m) be as Subsubsection 1.2.3. For 7 G 6(1m) we write 7 = 
where G Z, 6^ G N, and g.c.d.{a^,b^) = 1. Let d := Lc.m. (6-y|7 G 6(1m))- Each 
F-isocrystal over k is a direct sum of simple F-isocrystals which have only one Newton 
polygon slope, cf. Dieudonne's classification of F-isocrystals over k. We have a direct sum 
decomposition 

(5) {M^w{k)B{k),(f)^ak) = 

of F-isocrystals over k such that (M^(1m))0 8) c"^) has only one Newton polygon slope 
7. Let e G End(M) (S)vK(fe) -^(A;) be the semisimple element that acts on M^{1m) as 
the multiplication by The Galois group Ga\(k/k) acts on B(k) having B{k) as its 

fixed field and acts on 7{M B{k)) having T(M[i]) as its set of fixed elements. 

For each automorphism r G Ant{B{k)/ B{k)) defined by an element of Gal(A;//c), (j) ® 
and fM®w{k)B{k) ® commute. Thus e is fixed by Gal(k/k) i.e., e G End(M[^]) = 
End(M)®iy(fc)S(A;). Thus (5) is the tensorization with S(^) of a direct sum decomposition 
(M[i],(/.) = e^ee(iM)(^7(lM)». 

Let i>i^ G x(GL(M[-])) be such that t'ijv^(p) acts on M^(1m) as the multiplication 

hyp~^. Let i^i^ := [(i>i^, J)] G S(GL(M[i])). By abuse of language, we say that lyi^ip) 
acts on Mj{1m) as the multiplication by p^. As the decompositions (5) are compatible 
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with morphisms and tensor products of F-isocrystals, ui^^^ and ui,^ factor through the 
subgroup of GL(M[^]) that fixes all tensors of T(M[i]) fixed by 0. 

2.2.2. Claim. Both and vij^ factor through GB(k)- 

Proof: Let (Tq := </> o ii{p). We have ao(M) = </)(e^=ip-^F»(M)) = 0(0-1 (M)) = M, cf. 
axiom 1.2.1 (a). Thus ao is a cr-linear automorphism of M. As (Tq normalizes Lie((jB(/s)) 
(cf. axioms 1.2.1 (a) and (b)), it also normalizes Lie(G) = 'Lie{GB{k)) nEnd(M). Let 

Mz^ := {x e M\aoix) = x} 

and '■= {x G Lie{G)\ao{x) — x}. To prove the Claim we can assume k = k. As k = k, 
we have M = M^^ W{k) and Lie(G') = W^(A;) C End(MzJ W{k). 

In this paragraph we check that there exists a unique reductive subgroup Gq^ of 
GL(Mzp[^]) whose Lie algebra is 0Zp[^]- The uniqueness part is implied by [3, Ch. II, 
Subsection 7.1]. To check the existence part, we consider commutative Qp-algebras A such 
that there exists a reductive, closed subgroup scheme Ga of GL{Mzp ®Zp A) whose Lie 
algebra is ®Zp A. For instance, A can be B{k) itself and thus we can assume A is 
a finitely generated Qp-subalgebra of B{k) (cf. [10, Vol. Ill, Exp. XIX, Rm. 2.9]). By 
replacing A with A/ J, where J is a maximal ideal of A, we can assume A is a finite field 
extension of Qp. Even more, we can assume that A is a finite Galois extension of Qp. As 
Lie(Gyi) = 0Zp ®Zp A, from [3, Ch. II, Subsection 7.1] we get that the natural action of the 
Galois group Gal(A/Qp) on ®Zp ^ is defined naturally by an action of Gal(A/Qp) on 
the subgroup Ga of GL(Mzp ®Zp This last action is free. As Ga is an affine scheme, 
the quotient Gq^ of Ga by Gal(yl/Qp) exists (cf. [4, Ch. 6, 6.1, Thm. 5]) and it is a 
subgroup of GL(Mzp[^] whose Lie algebra is dz^i^]- 

Our notations match i.e., Gb^h) is the pull back of Gq^ to B{k) (cf. [3, Ch. II, 
Subsection 7.1]). Let G^p be the Zariski closure of Gq^ in GL(Mzp); its pull back to W{k) 
is G. Thus Gzp is a reductive, closed subgroup scheme of GL(Mzj,); its Lie algebra is g^p- 

Let {ta)ae3 be a family of tensors of T(Mzp) such that Gq^ is the subgroup of 
GL(Mzp[^]) that fixes ta for all a E 3, cf. [9, Prop. 3.1 (c)]. Each is fixed by both ctq 
and n{p). Thus we have (f){ta) — ta for all a E 3- Therefore fixes each ta, cf. end of 
Subsubsection 2.2.1. Thus both I'l^^ and vij^^ factor through GB{k)- D 

2.2.3. Definition. By the Newton cocharacter (resp. quasi-cocharacter) of Ci^^^^ we mean 
the factorization of vij^ (resp. of vi^) through GB{k)- Similarly, for g e G{W{k)) let 
Vg e S(Gs(A;)) be the Newton quasi-cocharacter of Qg. 

2.3. Sign parabolic subgroup schemes. Let £6 (1m) be the set of Newton poly- 
gon slopes of (Lie(GB(fc)), 0). The composite of vij^ with the homomorphisms GB{k) ~^ 
GL(M[i]) ^ GL(End(M)[i]), is the Newton quasi-cocharacter of (End(M)[|], 0). Thus 
the Newton polygon slope (fecomposition 

(Lie(G'B(fc) ),</>) = ©7G£e(iM)(-^7'</'7) 

is such that i^i^ip) acts via inner conjugation on as the multiplication by p'^ . As 
Im(£'i^) is a split torus of GB{k): the centralizer Cg{(I>) of i^ GB(k) is a reductive group 
of the same rank as GB(fc) (see [10, Vol. Ill, Exp. XIX, 2.8]). We have Lie(CG(0)) = Lq. 
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2.3.1. Lemma. There exists a unique parabolic subgroup scheme Pq{(I>) of G such that 

we have Lie{P^{(f))B(k)) = ®^€Sie{iM)n[o,oo)L-y. The group Cg(^) is a Levi subgroup of 
PG^^)B{k) and L>o := ®7e£e(iM)n(o,oo)-f'7 the nilpotent radical of Lie{P^{(j))B{k))■ 
Proof: By replacing k with a finite Galois extension of k, we can assume G is split. Thus the 
group Co{4>) is also split. Let Lie{GB{k)) = Lie(TG(0)) 0Q,g$ 0a be the root decomposition 
with respect to a split, maximal torus Tg{4>) of Cg{4>)- Here $ is a root system of characters 
of TG{(j)) whose irreducible factors are indexed by the simple factors of G^^j^y Let 71, 
72 e £6 (1m)- If 71 + 72 ^ ■26(1m)5 let L^^^^^ := 0. As </> is a cr-linear Lie automorphism 
of Lie{GB{k))j we have [Lj-^,Lj.^] C L^-^^^.^. Thus the set $_|_ := {a G $|0a ^ -^0 © -^>o} 
is a closed subset of $. Let $0 be a simple factor of $. The intersection $0 ^ ^+ is 
a closed subset of $o- As i>lJ^^ factors through Tg{4>), each L-y is a direct sum of some 
0a 's and we have Qa ^ if and only if Q-q, C L_-y. Thus the intersection $0 H is a 
parabolic subset of $0 in the sense of [5, Ch. VI, 7, Def. 4] i.e., it is closed and we have 
$0 — — ($0 ("1$+) U$o There exists a unique parabolic subgroup -P(i"((^)B(fc) ofGB(k) 

whose Lie algebra is Lq © L>o, cf. [10, Vol. Ill, Exp. XXVI, Prop. 1.4]. Obviously L>o 
is a nilpotent ideal of Lq © L>o and thus also of the nilpotent radical n of Lq ® L^q. As 
Cg{4>) is reductive and Lie(CG(0)) = Lq, we have n fi Lq = 0. Thus n = L>o. 

Therefore Lie(P^(0)B(fe)) = LQ®n = Lie(CG(0)) © n and thus Cg{(I>) is a Levi sub- 
group of PQ{(f))B{k)- As the W {k)-schem.e that parametrizes parabolic subgroup schemes 
of G is projective (cf. [10, Vol. Ill, Exp. XXVI, Cor. 3.5]), the Zariski closure P^(0) of 
PG{4>)B{k) in G is a parabolic subgroup scheme of G. □ 

A similar argument shows that there exists a unique parabolic subgroup scheme 
PJ((/)) of G such that we have Lie(Pj((/))B(fe)) = ©T-e£e(iM)n(-oo,o]^7- The group Cg(0) 
is also a Levi subgroup of Pq {(p)B{k)- Replacing the role of i>ij^ with the one of /x, we 
similarly get that the parabolic subgroup scheme P of Subsubsection 1.2.1 exists and is 
uniquely determined by the equality Lie(P) = ®^f^QF*(Lie(G)). The next Corollary is only 
a variant of [21, Subsection 5.2]. 

2.3.2. Corollary. The following three statements are equivalent: 

(e.) P+{<P)=G (orPa{<P)^G); 

(b) Ci^ is basic; 

(c) z>i^ (or vi^) factors through Z^{GB{k))- 

Proof: Each statement is equivalent to the statement that Lq — Lie(CG((/>)) is Lie(GB(fc)).n 

2.3.3. Definition. We call Pq(0) (resp. Pq {(/))) the non-negative (resp. non-positive) 
parabolic subgroup scheme of Gij^^- We call Cg{<P) the Levi subgroup of Gij^- 

2.3.4. Example. Suppose that k = k, (a, 6) = (0,2), rkvF(fe)(M) = 4, G = GL(M), 
rkw{k){F'^iM)) = rkw{k){F^{M)) = 2, and there exists a W{k)-hasis {ei, ... ,64} for M 
formed by elements of F^{M) U F'^{M) and such that (p{ei) = p^^Ci, where ?ii = 712 = 
and ns = 77.4 = 2. Let T be the maximal torus of GL(M) that normalizes W{k)ei for all 
i e -5(1,4). Let g e G{W{k)) be such that e{g) = {i, §}, cf. [16, Thm. 2]. For each 
element w e G{W{k)) that normalizes T, the F-crystal {M^wcj)) over k has at least one 
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Newton polygon slope which is an integral (to check this one can assume that w permutes 
the set {ei, . . . , 64}). Thus Ug and are not G(i?(A;))-conjugate i.e., Theorem 1.3.3 does 
not hold in this case. The parabolic subgroup scheme of G that normalizes M fl Ma (g) is 

PQ{g(j)). If there exists a Hodge cocharacter of (M^ gcp^ G) that factors through PQ{g(j)), 
then (M fl Ms {g), gcj)) is a p-divisible object whose Hodge numbers belong to the set {0, 2} 
and this, based on Mazur's theorem (see [19, Thm. 1.4.1]), contradicts the fact that the 
end point of Newton polygon of (M fl M 3(g), gcj)) is (2,3). Thus also the last part of 
Theorem 1.3.1 does not hold in this case. 

2.4. Lemma, (a) An element h e G{W{k)) normalizes (f)~^{M) if and only if we have 
(6) h{F\M)) C e5^^p"^^"{°'^-^>F^ (M) Vz e S{a, h). 

In particular, each element h G P{W{k)) normalizes (j)~^{M). 

(b) For h e G{B{k)) let hi := (i)h(j)-^ e GL{M){B{k)). We have hi e G[B[k)). 
Also, h normalizes (j)~^{M) if and only if hi e G{W{k)). 

(c) We have 6l < 1 if and only if each element h e Ker{G{W{k)) — > G{k)) normalizes 
0-1 (M). 

Proof: We prove (a). As h{M) — M, the inclusions of (6) are equivalent to the inclusion 
h{(()-^{M)) C 0-i(M). As h{M) = M and as p^(l)-^{M) C M, by reasons of lengths of 
artinian W {k)-modvLles we get that h{(f)~^{M)) C (^-^(M) if and only if h{(f)~'^{M)) = 
(/)-i(M). Thus (6) holds if and only h normalizes (j)-'^{M). If /i G P{W{k)), then 
h{F\M)) C h{F\M)) = F\M) = ®]=iF\M)- thus (6) holds and therefore h normalizes 
(j)~^{M). Thus (a) holds. To prove (b) we can assume k = k. Let ao — (p o ^ip) : M ^ M 
be as in the proof of Claim 2.2.2. We have hi — aQji{^)hii{p)aQ ^ G aQG{B[k))(7Q ^ — 
G{B{k)). Thus hi e G(W{k)) if and only if hi(M) = M. As (f)-^{hi{M)) = h{(f)-^{M)), 
we have hi{M) = M if and only if h{(l)-^{M)) = (f)-^{M). Thus (b) holds. 

We prove (c). We assume that 6^ < 1 and we check that each h G Kei{G{W{k)) — > 
G{k)) normalizes (j)~^{M). Based on (b), we only have to show that hi G G{W{k)). As 
6l<1, -F~i(Lie(G)) is a commutative Lie subalgebra of Lie(G) that is the Lie algebra 
of a connected, closed, smooth, commutative subgroup scheme Ui of G. As Lie(P) = 
F°(Lie(G')) © Fi(Lie(G')), we have a direct sum decomposition Lie(G') = Lie(?7i) © Lie(P) 
of VF(/c)-modules (cf. (2)). Thus the product morphism Ui Xw{k) P ^ G is etale around 
the point (Im^Im) £ Ui(W{k)) x P(W{k)). Therefore we can write h — UhPh, where 
Ph G P{W{k)) and Uh G Ui{W{k)) are both congruent to 1m mod p. Thus hi = h2hs, 
where /i2 := (f)Uh(f>~^ and hs := (f)ph(l)~^- Prom (a) and (b) we get that hs G G{W{k)). 
To check that /i2 G G{W{k)) we can assume k — k. We have /i2 — '^ol^{p)''^hlJ'ip)f^o ■ 
As Uh G Ker{Ui{W{k)) Ui{k)) and 6l<1, wc have fi{^)uh^i{p) G C/i(Vr(A;)). Thus 

h2 G cTo[/i(M^(/c))cT(7i ^ G{W{k)). Therefore hi = /i2/i3 e G(W^(A;)). 

We assume that all elements h G Ker(G(VF(/c)) — > G{k)) normalize ^"^(M) and 
we check that 6l < 1. We show that the assumption bL>2 leads to a contradiction. 
Both Lie algebras F-^^(Lie(G)) and F''^(Lie(G)) are non-trivial and commutative. Let 
Ub]^ be the non-trivial, connected, smooth, commutative, closed subgroup scheme of G 
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that has F"''^ (Lie(G')) as its Lie algebra. If Ub^ G Ker{Ub^{W{k)) Ui,^{k)) is not 
congruent mod p^^ to Im, then lJ^{^)ubj^n{p) G Ub^{B{k)) \ Ub]^{W{k)). If h is m^^, then 
hi = (j)h(j)~^ ^ G{W{k)) and thus h does not normalize (j)~^{M), cf. (b). Contradiction. 
Therefore 6l<1. Thus (c) holds. □ 

2.4.1. Fact. If h e G{W{k)) normalizes 4'~^{M), then fXh '■= hiJ,h~^ : G is a 

Hodge cocharacter o/Ci^. 

Proof: The Hodge decomposition of M produced by is M = ©^^^/i(F*(M)). We have 
®t=aP~'h{F'{M)) = /i(©,L„p-iF*(M)) = h{(j)-^{M)) = 0-^(M), cf. axiom 1.2.1 (a) and 
our hypothesis. Thus by very definitions, Hh is a Hodge cocharacter of Cij\^. □ 

2.5. The quasi-split case. Let G be quasi-split. We recall from the proof of Claim 
2.2.2 that (Jo = <t>IJ'{p) normalizes Lie(G). Let -B be a Borel subgroup scheme of G that 
is contained in P and that has a maximal torus T through which /j, factors. We have 
(/)(Lie(T)) = f7o(Lie(T)) and 0(Lie(B)) C f7o(Lie(5)). Thus (/)(Lie(T)) is the Lie algebra 
of the maximal torus Tq :— (Jo{T) of the Borel subgroup scheme Bq cro(-Bo) of G. 
Let ^0 e G{k) be such that go{Tok)%^ = Tk and go{Bok)%^ = Bk, cf. [3, Ch. IV, 
Thm. 15.14]. As W{k) is p-adically complete, there exists go e G{W{k)) that lifts and 
such that go{To)go^ = T (cf. [10, Vol. II, Exp. IX, Thm. 3.6]). The Borel subgroup 
schemes qqBqQq^ and B oi G contain T and have the same special fibre. This implies 
that goBog^'^ = B. We have ^o</>(Lie(T)) = go{Ue{To)) = UeigoTg^^) = Lie(T). Thus as 
fx factors through T, the triple (M, gocj), T) is a p-divisible object with a reductive group. 
Moreover, {go4>){Ue{B)) C ^o(Lie(So)) = Lie(S). 

2.6. Some Zp structures. Until Section 3 we take k — k. Let M^^, Gz^, and {ta)aed be 
as in the proof of Claim 2.2.2. The pair (M^^, {ta)aes) ^ structure of (M, {ta)oLe3)- 
The difference between two such Zp structures is measured by a torsor T of • As 

is connected, Lang theorem (see [37, p. 132]) implies that Xf^ is trivial. Thus % is trivial 
(as is smooth). Thus the isomorphism class of the triple (M^^, G^p? (*a)aea) is an 
invariant of {Qg)g(^G{W{k))- To be short, we refer to (M^^, Gzp, {ta)aea) as the Zp structure 
of (M, G, (ta)a6a) defined by 0/u(p). As ao acts as lT(Mzp)©cr on T(M) := 7{Mz^)®ZpW{k) 
and as a on W^(/c)-valued points of subgroup schemes of GL(Mzp), from now on we denote 
(To by (J. Also, if Wzp is an arbitrary free Z^-module, we denote Iw^ ® c by cr. 

If 6 e GL{M){B{k)), then cr(6) := aha~^ and (j(//) is the cocharacter of G such that 
we have cf{p){p'^) = o-{fi{p'^)) for all n G Z. For g and ^fi e G(VF(fc)), the two triples 
Qg = {M, gaiJ,{^),G) and C^^ = {M, giafj,{^)jG) are rational inner isomorphic if and only 

if the (T-conjugacy classes of the elements ga{iJ,){^) and gia{ii){^) of G{B{k)) are equal 
(i.e., if and only if there exists h e G{B{k)) such that hga{ii){^)a{h~^) = gia{ii){^)). 

2.6.1. Quotients. We consider an affine, integral group scheme Gj^^jH-^^ that is the 
geometric quotient of G%^ through a flat, normal, closed subgroup scheme of G%^. 
The flbres of Gz^/Hz^ are reductive group schemes (cf. [10, Vol. Ill, Exp. XIX, 1.7]). 
Thus Gzp/Hzp is smooth as well as a reductive group scheme. Let H :— i7xv(fc)- As 
Gzp/Hzp is of finite type over Zp, there exists a free Zp-module Wz^ of finite rank such 
that we have a closed embedding homomorphism G^^/Hj,^ ^ GL(Wzp) (cf. [10, Vol. I, 
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Exp. Vlg, 11.11.1]). Let Hg/h be the composite of fi with the epimorphism G G/H. 
Let W := W{k). The triple {W,aiiG/Hi^),G/H) is a p-divisible object with a 

reductive group and we refer to it as a quotient of Cij\^. 

Let g e G{W{k)). Let t E Z^{G){W{k)). It is well known that there exists h e 
Z^{G){W{k)) = Z^{Gzp){W{k)) such that t = tia{ti)-^ (this is a standard application of 
Lang theorem). Thus tigcpt^^ — tgcj). We get: 

2.6.2. Fact. The element ti is an inner isomorphism between Qtg o.nd Gg. If G is a 
torus, then Gg and Gij^j are inner isomorphic and thus the quasi- cocharacters Vg and vij^ 
of G{B{k)) are G{B{k))- conjugate and therefore coincide. 

2.6.3. Fact. The composite of Ug with the epimorphism GB{k) ^ ^B(fc) ^^^^ ''^^^ depend 
on g e G{W{k)). Moreover, for each g e G{W{k)), there exists g e G'^^^{W{k)) such that 
Gg and Gg are inner isomorphic. 

Proof: Let g^^ be the image of g in G^^{W{k)). By taking Hz^ = G^^"", the first part 

follows from Fact 2.6.2 applied to {W,anG^b{^),G'''°) and t = g"""". Let ii e ^^^(^^(/c)) 

be such that g^^criJ,Qe.b{^) = tia"|U(3ab(i)t^^. Let gi G P{W{k)) be an element that maps 

to ti- The element g := gig(pgi^(f)~^ G G{W{k)) (cf. Lemma 2.4 (a) and (b)) maps to 
the identity element of G^^{W{k)). Thus wc have g G G'^'^^ {W {k)) . As gi is an inner 
isomorphism between Gg and Gg, the Fact follows. □ 

From Corollary 2.3.2 and Fact 2.6.3 we get that for gi, g2 G G{W{k)) we have: 

2.6.4. Corollary. If Gg^ and Gg^ are basic, then Vg^ = Vg^. 

2.6.5. Covers. Let g G N be such that Gz^ has a maximal torus that splits over W{¥pq). 
A result of Langlands (see [31, pp. 297-299]) implies that there exists an epimorphism 
^Qp • ~^ ^Qp s^<^b that Gq^®"^ is an a priori given isogeny cover of G^^ and Ker(eQp) 
is a product of tori of the form ResB(F^)/QpGm- Thus Gq^ is quasi-split and splits over 
an unramified extension of Qp. Let G\^ be a reductive group scheme over Zp that has 
Gq as its generic fibre, cf. [41, Subsubsections 1.10.2 and 3.8.1]. The Zariski closure 
Ker(e) of Ker(eQp) in G\^ is a subtorus of Z^{G\^). As two hyperspecial subgroups of 
Gzp(Qp) are G|^(Qp)-conjugate (see [41, p. 47]), we can assume (G^^/Ker(e))(Zp) = 
Gzp(Zp). Thus we can identify G^^ /Kcr(e) = Gzp, cf. [41, Subsubsection 3.8.1]. The 
epimorphism e : G\ -» Gz^ extends cq^. Let G^ := G^^j^y As Ker(e) is a torus, 
/i lifts to a cocharacter hq-l : G^n G^. Let W^^ be a free Zp-module of finite rank 
such that we have a closed embedding homomorphism G^^ ^ GL(1^^^). Let : = 

®Zp W{k). We call the p-divisible object with a reductive group (VF^, ct/Ugi (^), G^) 
a cover of Ci^. There exists a G^^ -epimorphism 7{Wl^[^]) Mz^[^], cf. [48, Thm. 
3.5] and Weyl complete reductibility theorem. Thus vi^ is the composite of the Newton 
quasi-cocharacter of (VF^, ct/xgi (^), G"^) with eB{k)- From Corollary 2.3.2 we get that the 
cover {W,ajiG/H{\)iG/ H) is basic if and only if Gi^^ is so. 
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2.7. Proposition. We recall that k = k. Let gi, g2 G G{W{k)) be such that Cg^ and Gg^ 
are basic. Then there exists h e G{B{k)) such that hgicj) = g2(l>h. 

Proof: We appeal to Subsubsection 2.6.5. As Ker(e) is a torus, there exists gj G G^{W{k)) 
that maps to gi. Thus (VF^, gjaiiQ^ (^)) is basic, cf. end of Subsubsection 2.6.5 (applied 
to gja instead of a). So to simplify the presentation we can assume that G^ = G and that 
Qder simply connected; thus gj — g^. Let Giq^ be the reductive group over Qp which 
represents (as in [36, Subsections 1.12 to 1.15]) the functor that associates to a Qp-algebra 
R the group 

(7) GiQ^{R) = {gii G G{B{k) R)\giigi{a ® lfl)/i(^) = gi{(T ® lfl)//(^)^ii}; 

the second equality of (7) is between a ® li?-linear automorphisms of M[-] R. We 
have Vg-^ = Ug^, cf. Corollary 2.6.4. Thus based on [35, Prop. 1.17] we can speak about 
the class d G H^{Qpj Giq^) that defines the left torsor Gi2Qp of Giq^ defined by the 
rule: Gi2q^{R) = {gi2 e G{B{k) R)\gi2gi{(y ® lfl)/^(^) = g2{(7 ® lfl)A*(^)i7i2}- The 
image of 5 in H^{Qp, Gfq^) is the identity element (cf. Fact 2.6.2) and the only class in 
i7^(Qp, Gfq^) is the trivial one (as Gfq^ is simply connected, cf. [20]). Thus 5 is the trivial 
class i.e., there exists h G Gi2Qp(Qp) ^ G{B{k)). For such an h we have hgicf) = g2(f>h. □ 

3. Standard forms 

Let Gij^j ~ {M,(f),G) be a Shimura p-divisible object over k; we have hL<l. Let 
g G G{W{k)) be such that Qg is not basic. Let PQ{g(j)) and PQ{g(l)) be as in Definition 
2.3.3; none of these two parabolic subgroup schemes of G are G itself (cf. Corollary 2.3.2). 
In this Section we study Qg up to inner isomorphisms. The goal is to present standard 
forms of Qg. Properties of them are listed. In Subsection 3.1 we work with PQ^gcj)) and in 
Subsection 3.2 we translate Subsection 3.1 in the context of PQ{g(^). 

3.1. Non-negative standard forms. The intersection P^OPq {g(p)k contains a maximal 
split torus Tfc of Gk, cf. [3, Ch. V, Prop. 20.7 (i)]. Let T (resp. T+) be a split 
torus of P (resp. of Poigi)) that hfts T^, cf. [10, Vol. II, Exp. IX, Thms. 3.6 and 
7.1]. Let ^3 G Ker {G{W{k)) G{k)) be such that gsf+g'^ = T, cf. loc. cit. Let 
g2 '■= 4'g3^4'~^- it is an element of G{W{k)), cf. Lemma 2.4 (b) and (c). By replacing gcf) 
with g3g(j)g^^ = g2>gg2(t> we can assume that T = T~^. But T is P(VF(/c)) -conjugate to a 
maximal split torus of P that contains lm{p.) (cf. loc. cit. and [3, Ch. IV, Thm. 15.14]). 
Thus by replacing /j, with a P(VF(/c))-conjugate of it (cf. Fact 2.4.1 and Lemma 2.4 (a)), 
we can also assume that factors through T = T+ and therefore also through PQ{g(p). 

3.1.1. Let UQ{g(j)) be the unipotent radical of PQ{g(j)). Let L"*" be a Levi subgroup 
scheme of PQ{g(t)) that contains T. We identify L+ with PQ^gcj)) /UQ{g(l)). As /x(p) 
and gcj) normalize Lie(P^((7(/))B(/j)), the u-linear automorphism g(f)ijij{p) of M normalizes 
Lie(P^(^0)) = Lie(PQ (^0)_B(fc))nEnd(M). Let Lq be the Levi subgroup scheme of PQ{g(f)) 
that has ^0//(p)(Lie(L+)) as its Lie algebra. There exists gi G PQ{g(j)){W{k)) such that 
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gi{LQ)g^ ^ and L+ coincide mod cf. [3, Ch. V, Prop. 20.5]. By replacing gi with a 
Ker{P+{g(j)){W{k)) P+ (A;)) -multiple of it, we can assume that gi{LQ)g^ ^ and 
have a common maximal torus T"*" (cf. the infinitesimal liftings of [10, Vol. II, Exp. IX, 
Thm 3.6]). Thus gi{LQ)g^^ — L~^. [Argument: we can assume T"*" is split and it suffices 
to show that the root systems of the inner conjugation actions of T'^ on Lie((7i(L(]")(7j~^) 
and Lie(L"'") coincide; but this holds as it does mod p.] 

Both Lie(L^j.^p and Lie{PQ (gcj)) B{k}) are normalized by gig(j). We write g^^ = u'^l'^, 
where u+ e U^{g(j)){W{k)) and 1+ e L+{W{k)). Let 0i := {u+)-^g(j) = l+gigcf). We have 

(8) g(t> = u+cPi. 

We refer to (8) as a non- negative standard form of C^. Here are its main properties. 

3.1.2. Theorem. We recall that Cg — (M, g(p, G) is not basic, that is a Levi subgroup 
scheme of PQ^gcj)) , and that (up to inner isomorphism we can assume) factors through 
the split torus T of HP. Referring to (8), we have: 

(a) Both Lie algebras Lie{PQ{g(f))B(k)) ^'<^d Lie{L'^^^^) are normalized by 0i. 

(b) The triple (M, 0i,L+) is a basic Shimura p- divisible object. 

(c) There exists a rational inner isomorphism between Gg and C(u+)-if, = (M, 01, G) 
defined by an element h G U^{g(p){B{k)). Thus the Newton quasi- cocharacters Vg and 
^{u+)-^g (see Subsubsections 1.2.3 and 2.2.3 for notations) are UQ{g(j)){B{k)) -conjugate. 

(d) The Levi subgroup CG{{u'^)~^g4>) ^B{k)' 

Proof: As tt"*" and gcf) normalize Lie(P^(^0)B(fe))) so does 0i. As l'^ and gigcj) normal- 
ize Lie(L^^^p, so does 0i = I'^gigcj). Thus (a) holds. As 0i normalizes Lie(L^^^p 

and as (i factors through the torus T of L"*", the triple (M, (/>!, L"'") is a Shimura p- 
divisible object. The actions of g(p — u'^4'i and (pi on the quotient B{k)-vector space 
Lie(P^((70)B(fc)))/Lie(t/^((70)B(fc)) are the same. Thus the Newton polygon slopes of 
(Lie(Lj^^P, 0i) are equal to the Newton polygon slopes of the action of g(j) = W^cpi on 

Lie(PQ (5f0)B(fc)))/Lie(t/^Q (5'(/>)_B(fc)) and therefore are all 0. Thus {M, (pi, L~^) is basic i.e., 
(b) holds. 

We prove (c). We have to show the existence of an element h e UQ{g(p){B{k)) 
such that (pi = hu~^(pih~^. As is not basic, the set £,&~^ of Newton polygon slopes of 
{Lie{UQ{g<p)B(k))i (pi) is non-empty. As the group scheme Uq{(P) is unipotent, Lie(t/^ ((/>)) 
has a characteristic series whose factors are fixed by Uq{(P). This implies that the Newton 
polygons of {Ue{U^{g(p) B{k)), <Pi) and (Lic{U^{g(p)B(k)),u'^<Pi) coincide. Thus £6+ G 
(0,oo), cf. Lemma 2.3.1 applied to Qg = (M, tt+0i,G). 

Let {Lie{UQ{g(p)B{k))j<Pi) = ©?7e£e+ (-^t?) 0i) be the Newton polygon slope decom- 
position. Let ?7i < ?72 < ■ ■ ■ < ^(j be the elements in £,&~^ ordered increasingly. As 

G (0, oo), we have < rji. For i G S{l,q) we check that there exists a connected, 
unipotent subgroup Ui of U^{g(p)B{k) such that Lie(C/i) = ®ne£.&+n[vi,oo)Nri- 

The uniqueness of Ui is implied by [3, Ch. II, Subsection 7.1]. As ®,,e£e+n[T;i,oo)-^?7 
is an ideal of Ue{P^{g(p)B{k)), the direct sum Si := ®r,e£e+n[vi,oo)Nr, © Lie(T+^^^) is 



14 



a Lie subalgebra of Lie{PQ{g(l))B(k))- As [Lie(T^^^^), A^^] = A^^, we have [Si, Si] = 
®riesi&+r\[rii,oo)^v Thus the existence of Ui is imphed by [3, Ch. II, Cor. 7.9]. Let Uq+i 
be the trivial subgroup of UQ{g(j))B(k)- For i G q) we have Ui+i < Ui < PQ{g(p) B(k)- 
By induction on z G S{l,q) we show there exists an element hi G Ui{B{k)) such 
that we have hihi^ ■ ■ ■ hiu'^ (^ih^^ ■ ■ ■ (p^^ G UiJ^i{B{k)). To ease notations we will 
only show the existence of hi (the existence of /i2, • • • , /iq is argued entirely in the same 
way). The quotient group U1/U2 is unipotent and commutative and thus we can identify 
it with the afhne vector group defined by Lie(t/i/t/2)- We also identify Lie([/i/t/2) = -^t^i- 
Thus tt"*" G Ui{B{k)) modulo U2{B{k)) is identified with an element Ui G A^jyi- We fix 
a finite sequence {Ga{s))seii of Ga subgroups of Ui normalized by TB[k) cind such that 
ese/iLic(Ga(s)) = iV^j. For j G N U {0} let hij G Ui{B{k)) be such that we have: 

(i) its image in {Ui/U2){B{k)) is identified with {—l)^~^^(f)\{ui), and 

(ii) it is a product of i?(A;)-valued points of these Ga{s) subgroups of Ui. 

As ?7i > the sequence {4>iiui))jeNu{o} converges to in the p-adic topology of 
N^i^- Due to this and (ii) it makes sense to define hi := {UT=o ^'i})'^ ^ Ui{B{k)). But 
hij---hiihiou+(t)ih^Q ■■■h^^ct)^^ G Ui{B{k)) modulo U2{B{k)) is (-l)^>j+^(iii) for all 
j G NU {0}. Therefore /iiw+c^i/i^ ^ Ui{B{k)) modulo U2{B{k)) is the p-adic limit of 
the sequence {{—iy(j){^^{ui))j^i^yj!^Q^ and thus it is 0. Thus hiu'^ (j)ihi^ (j)^^ G U2{B{k)). 

This ends the induction. If h :— hqhq-i---hi G UQ{g(l)){B{k)), then we have 
hu'^ (l)ih~^ (f)^^ = 1m and therefore h defines a rational inner isomorphism between Qg 
and G(y+)-ig. Thus (c) holds. 

We prove (d). We have L+^j^^ ^ CGiiu+)-^g(f)), cf. (b). As Cg((m+)-i^(/)) and 
CG{g(j>) are isomorphic (cf. (c)) and as -^'^(A;) ^oig^fy are isomorphic, CG{{u^)~^g(j>) 
and ^B(A;) isomorphic. By reasons of dimensions we get CG{{u^)~^g(j>) = L^(^k)- '-' 

3.2. Non-positive standard forms. Let UQ{g(j)) be the unipotent radical of PQ{g(p). 
There exists a maximal split torus T~ of Pq {gcj)) and a Levi subgroup scheme L~ of Pq {gcj)) 
that contains T~ , such that up to inner isomorphisms we can assume that jj. factors through 
T~ and that we can write g(j) = u~(j)2-, where u~ G UQ{g(j)){W{k)) and (M, </)2,I/~) is a 
basic Shimura p-divisible object. The proof of this is entirely the same as the proof of 
Theorem 3.1.2 (c). The only significant difference is: in connection to property 3.1.2 (i) we 
have to work in "reverse" order i.e., we have to replace (— 1 )•'"'" ^(/)j('Ui) by (— l)-'(/)^-'~^('Ui). 

4. Proofs of the basic results and complements 

In Subsection 4.1 we prove Theorem 1.3.1 and Corollary 1.3.2. In Subsection 4.2 
we prove Theorem 1.3.3. In Subsections 4.3 to 4.7 we include some conclusions and com- 
plements to Theorem 1.3.3. See Subsection 4.6 for examples. See Subsection 4.7 for the 
quasi-polarized context. Let Cij^^ = (M, (j), G) be a Shimura p-divisible object over k\ thus 
6l < 1. We use the notations of the last paragraph of Subsection 2.1. Let g G G{W{k)). 
Let PQ{g(j)) be as in Definition 2.3.3. 
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4.1. Proofs of 1.3.1 and 1.3.2. We know that the first part of Theorem 1.3.1 holds, 
cf. Lemma 2.3.1. We prove the second part of Theorem 1.3.1 (for < 1)- If Qg is basic, 
then PQ{g(j)) = G (cf. Corollary 2.3.2) and thus there exist Hodge cocharacters of Gg that 
factor through PQ^gcj)). If Cg is not basic, then there exists a Hodge cocharacter of 6^ that 
factors through ((/c/)), cf. 3.1. This proves Theorem 1.3.1. 

We prove Corollary 1.3.2 (a). Let -Fgl(m)(^*^) ^® non- negative parabolic sub- 
group scheme of (M, gcf)^ GL(M)). It is the parabolic subgroup scheme of GL(Af) that nor- 
malizes W^{M,g(j)) for aU 7 e &{g). Obviously Ue{P^{g(t>) B{k)) ^ Lie(P+L(M) (^'^)s(fc))- 
Thus Pq {g(l))B{k) is a subgroup of PQi^(^M)^3^)B{k)^ cf. [3, Ch. II, Subsection 7.1]. This 
implies that PQ{g(p) is a subgroup scheme of -Pgl(m) (5*^) • Therefore each Hodge cochar- 
acter of Cg that factors through PQ{g(j)), normalizes W'^{M,g(f)) for all 7 e &{g)- Thus 
Corollary 1.3.2 (a) follows from Theorem 1.3.1. 

We prove Corollary 1.3.2 (b). If Qg is basic, then the Newton cocharacter of 
factors through Z^{GB(k)) (cf- Corollary 2.3.2) and therefore it extends to a cocharacter 
of Z°(G). Thus we have a direct sum decomposition M = (B'yee{g)M fl M^(g) normalized 
by all cocharacters of GL(M) that commutes with Z°(G) and therefore also by all Hodge 
cocharacters of Qg. 

If Cg is not basic, then up to a rational inner isomorphism we can assume there 
exists a Levi subgroup scheme L+ of PQ{g(j)) such that {M, gcf), L'^) is a basic Shimura 
p-divisible object (cf. Theorem 3.1.2 (b) and (c)). As a Hodge cocharacter of {M,g(f), L+) 
is also a Hodge cocharacter of Cg, we can apply the basic part of the previous paragraph 
to {M, gcf), L~^). This proves Corollary 1.3.2 (b) and ends the proofs of Theorem 1.3.1 and 
Corollary 1.3.2. 

4.1.1. Remark. Replacing non- negative by non-positive and the references to Subsection 
3.1 by ones to Subsection 3.2, we similarly get that there exist Hodge cocharacters of 
that factor through PQ{g(j)). 

4.2. Proof of 1.3.3. Until Corollary 4.3 we assume that G is split and that 6l<1- 
Let T and B be as in Subsection 2.5. Thus ji factors through the maximal torus T. We 
can assume that (/)(Lie(T)) = Lie(T) and that (j)i\Ae{B)) C Lie(5), cf. Subsection 2.5. 
Let N be the normalizer of T in G. If w e N{W{k)), then uKp normalizes Lie(T). Thus 
(M, w(f), T) is a Shimura p-divisible object. Prom Fact 2.6.2 we get: 

4.2.1. Fact. If k = k, then for each t G T{W{k)) and w G N{W{k)), there exists an 
inner isomorphism between Ctw o-iT'd Qw defined by an element ti e T{W{k)). 

We prove Theorem 1.3.3 in two Steps. The first step deals with the basic context 
as well as introduces notations to be used in Subsections 4.5 and 4.6 and Section 5 (see 
Subsubsection 4.2.2) and the second step achieves the reduction to the basic context (see 
Subsubsection 4.2.3). 

4.2.2. Step 1. To show that there exists w G N{W{k)) such that Gw is basic, we can 
assume that k — k (cf. Fact 4.2.1); let Mz^ and Gzp be obtained as in the proof of 
Claim 2.2.2. We can also assume that G^^ is adjoint (cf. Subsubsection 2.6.1 applied with 

= Z{Gzp)) and Zp-simple and that bL = 1. Let £ be the Lie type of an arbitrary 
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simple factor of G. It is well known that L is not E^, F4, or G2 (the maximal roots of these 
Lie types have all coefficients different from 1; see [5, plates VII to IX] and [8]). Let r be 
the rank of L. We write Gk = Yliei^^'^ ^ product of absolutely simple, adjoint groups 
over k (cf. [40, Subsubsection 3.2.1]). This decomposition lifts to a product decomposition 

G = llGi 

in absolutely sinii)lc, adjoint group schemes over W{k) (cf. [10, Vol. Ill, Exp. XXIV, Prop. 
1.21]). Let T, := T n G^. Let B, := B r\ Gi. Let Lie(G',) = Lie(T,) 0^^$. Qic be the root 
decomposition with respect to the split, maximal torus Ti of Lie(Gi). As Gz^ is Zp-simple, 
there exists n G N and an absolutely simple adjoint group scheme J over W{¥pn) such 
that = Resv^(F^„)/Zp J, cf. [40, Subsubsection 3.1.2] and [10, Vol. Ill, Exp. XXIV, 
Prop. 1.21]. As a permutes transitively the simple factors of G, (j) permutes transitively 
the Lie(Gj)[^]'s. Thus we can assume that / = S{l,n) and that 0(Lie(Gi)) C G^^.i[i], 
where Gn+i '■= Gi. 

Let := {a G ^i\Qia ^ Lie(i?j)}. Let Aj C $+ be the basis of $i contained in $+. 
Let q;i(z), . . . , ar{i) G be denoted as in [5, plates I to VII] except that we put a lateral 
right index (i). As <p(Lie{B)) C Lie(i?) we have (j)^ (Lie{Bi)) C Lie{Bi). Thus there exists 
a permutation rci of $^ that normalizes A^ and such that we have fp^{gia) ^ 0j7ri(a)[^] ^^r 
all ct G The order of TTj does not depend on i G / and therefore we denote it by o. We 
have o G {1, 2, 3}, cf. the structure of the group of automorphisms of the Dynkin diagram 
of Gi (it is trivial, Z/2Z, or Sq; see loc. cit.). Let wq E {N f] Gi){W{k)) be such it takes 
Bi to its opposite with respect to Ti; see item XI of [5, plates I to VII]. The following six 
Cases recall the most "practical" elliptic element of [N (1 Gi){W{k)). 

Case 1. Suppose that L is S^, C^, or Ei (r G N). Thus o = 1 and wq takes a G $1 to 
—a, cf. loc. cit. Let ni := n. For o: G $1 we have (m'o*/')"^^ (fli a) = P^^di-aj with G Z. 
As WQcj) normalizes Lie(T), all Newton polygon slopes of (Lie(T), wo*/*) are 0. As we have 
s_Q, = —Sa for all a G all Newton polygon slopes of (Lie(GB(/j))/Lie(TB(/s)),t(;o0) are 
also 0. Thus all Newton polygon slopes of (Lie(Gs(fc))> '"^00) are 0. 

Case 2. Suppose that cither o = 2 and £ G {Ar\r G N \ {1}} U {Dr\r - 3 G 2N} U {Eq} 

or o = 1 and L G {Dr\r — 2 G 2N}. This Case is the same as Case 1. 

Case 3. Suppose that o = 3. Thus £ = D4 and wq takes 0ia^(i) to gi-ai(i)- For a G $1 
we have (wqc/))^'^ (Qia) C 0i_q,[^]. Thus this Case is the same as Case 1 but with ni := 3n. 

Case 4. Suppose that o = 1 and £ = Ar, with r>2. The simply connected semisimple 
group scheme cover Gf^ of Gi is the SL group scheme of a free W (k) -module Mq of rank 
r + 1. We choose a W^(A;)-basis {ei, . . . , Cr+i} for Mq such that the inverse image of Ti 
in Gi^ normalizes W{k)es for all s G S{l,r + 1). Let w be the image in N{W{k)) of an 
element w^*^ of Gf{W{k)) that takes W{k)es onto VF(A;)es+i for all s G 5'(l,r + 1), where 
er+2 := ei. As o = 1 and due to the circular form of w^'^, all Newton polygon slopes of 
(Lie(G')[i], «;</>) are 0. 

Case 5. Suppose that o = 1 and L = Eq. Let Go be the reductive subgroup scheme of G 
whose Lie algebra is generated by Lie(T) and £ii,a's, where z G / and a G ^i^Y^^j=i '^<^iU)j 
cf. [10, Vol. Ill, Exp. XXII, Thm. 5.4.7 and Prop. 5.10.1]. Thus Gf is a product of n 
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absolutely simple adjoint group schemes of Lie type whose Lie algebras are permuted 
transitively by (f>. The group scheme Gq is the centralizer of Z^{Go) in G and we have 
T ^ Go- Thus fi factors through Gq. As Lie(Go_B(fc)) is normalized by (p, we get that the 
triple {M,(f),Go) is a Shimura p-divisible object. As wq normalizes Go H Gi, the triple 
{M,WQ(j),GQ) is also a Shimura p-divisible object. As o = 1, from Case 4 we deduce the 
existence of wi G (Go fl Gi n N){W{k)) such that (M, wcj)^ Go) is basic, where w := wiWq. 
Thus the Newton quasi-cocharacter of (M, «)0,Go) factors through Z°(GoB(fc))- Its 
composite with the epimorphism eo : GoB(fc) ^ ^os(A;) composite i/o of the Newton 

quasi-cocharacter of (M, zwq^, Gq) with cq. We have 'Wo(0iai(i)) = 0i-ai(j)7 where G 
{(1,6), (6,1), (3, 5), (5, 3), (2, 2), (4, 4)} (cf. [5, plate V, item (IX)]). Thus the maximal 
subtorus of Ti fixed by wq has rank 2. A similar argument shows that wq fixes a subtorus 
of Ti n Gq*'^ of rank 2. Thus the automorphism of the rank 1 torus Gi fl Z'°(Go) induced 
by Wo is non-trivial. Therefore vq is trivial. Thus vq^, is trivial basic. 

Case 6. Suppose that either o — 2 and L G {Dr\r — 2 G 2N} or o = 1 and XL G {1)^1?' — 3 G 
2N}. Let y G W{¥pn.) be such that modp is not a square. If r is odd (resp. even), then the 
group scheme J is split (resp. non-split and splits over W{¥p2n)). Thus J is the adjoint 
group scheme of the SO group scheme of the quadratic form xiX2 + X3X4 + ■ — h X2r-iX2r 

(resp. XiX2+XsX4 + ---+X2r-3X2r-2+X2r-i—yX2r)oT^^(^p"-)'^^i'^^- [3, Ch. V, SubsCCtionS 

23.4 to 23.6] for the case of special fibres. Let Tj be a torus of J of rank r — 3 that is a 
product of non-split rank 1 tori and whose centralizer Cj in J is such that Cf^ is split, 
absolutely simple of As Lie type. The existence of Tj is a consequence of the fact that the 
SO group scheme of the quadratic form X2i-3X2i-2 + X2i-iX2i, i G 2N fl S{1, r — 3), has a 
maximal torus that is a product of two non-split rank 1 tori. Let Tj be a maximal torus of 
Gj that contains Tj. Let h G G{W{k)) be such that hTh~^ is T := (Resw(^^„yZpTj)w{k)- 
Let C := {7ieS'[y(^-pp,z)/ZpCj)w{k)'i it is a subgroup scheme of G. Let fl := hnh~^; it is a 
cocharacter of T. The triple (M, a/Lt(^), G) is a Shimura p-divisible object (we recall 
that a : M M fixes Mz^, see Subsection 2.6). Let w G G{W{k)) be an element that 
normalizes T and such that (M, wafl{^)j C) is basic, cf. Case 4. The Newton cocharacter 
Pij, of (M, wajli^), G) factors through T° := 2'°(G) = (Resw^(Fp„)/Zp7'^)w/(A;), cf. Corollary 

2.3.2. As Tj is a product of non-split rank 1 tori, the product of the cocharacters of the 
orbit under a of each cocharacter of /Z{C'^'^^) fl T^, is the trivial cocharacter. Thus the 
Newton cocharacter Pyj is trivial. Thus {M,wap,{^),G) is also basic. But we can write 

h~^wajl{^)h = waii{^) = wcj), where w G G{W{k)) is an element that normalizes Lie(T). 
We have w G N{W{k)) and moreover is basic. 

We come back to the case when k is arbitrary and G is split. We prove Theorem 
1.3.3 for Gg basic. Let w G N{W{k)) be such that is basic (cf. the six Cases). Wc have 
T^g = i^w, cf. Corollary 2.6.4. Thus G-w ®k k and Gg 0k k are rational inner isomorphic, cf. 
Proposition 2.7. Thus Theorem 1.3.3 holds if Gg is basis. T prove this we did not use that 
bL = 1 and moreover Case 1 works also for the Eg, F4, and G2 Lie types. Thus for each 
p-divisible object C = (M, 0, G) with a group over a perfect field k such that G is a split, 
reductive group scheme, there exists g G G{W(k)) such that {M,g^,G) is basic. 

4.2.3. Step 2. We assume is not basic. Let UQ{g(j)) be the unipotent radical of PQ{g(f)). 
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Let T be a split, maximal torus of PQ{g4>). Up to an inner isomorphism we can assume T is 
also a maximal torus of P, cf. Subsection 3.1. Two split, maximal tori of P are P{W{k))- 
conjugatc. Thus up to an inner isomorphism defined by an element of P{W{k)) we can 
assume T — T ^ P^^gcj)). Let be the Levi subgroup scheme of PQ^gcj)) that contains 
T. We write gcj) = u^cj)!, where e UQ{g(t)){W {k)) and (M, 01, L"*") is a basic Shimura 
p-divisible object (cf. Subsubsection 3.1.1 and Theorem 3.1.2 (b)). Let G L'^{W{k)) be 
such that go(f>i normalizes Lie(T) and takes the Lie algebra of a Borel subgroup scheme of 
L+ contained in L+ fl P to itself (see Subsection 2.5). Let Wq := go{u~^)~^g G G{W{k)). 
We have wocf) = go4^i and therefore wq normalizes Lie(T). Thus wq G N{W{k)). From 
the end of Subsubsection 4.2.2 we get the existence of w'^ E {N (1 L'^){W{k)) such that 
if := w+wo e N{W{k)), then := {M,w+go(f)i,L+) = {M,w4),L+) is basic. But 
€(^^+^1 := (M, 0i,L+) = {A4,{u+)-'^g(f),L+) is also basic. So as w+go e L+{W{k)), the 
Newton quasi-cocharacters of €w and coincide (cf. Corollary 2.6.4). From this and 

Theorem 3.1.2 (c) we get that Ug and u^^ are G(i?(/c))-conjugate. Suppose that k — k. We 
know that G(u+)-^g cind (resp. and Cg) are rational inner isomorphic, cf. Proposition 
2.7 applied to and <tyj (resp. cf. Theorem 3.1.2 (c)). Thus Gg and G^; are rational 

inner isomorphic. This ends the proof of Theorem 1.3.3. 

4.3. Corollary. We assume 6^ < 1 and we use the notations of Subsubsection 1.2.3 

for g G G{W{k)). Up to a rational inner isomorphism and up to an extension to a 
finite field extension of k, we can assume that we have a direct sum decomposition M := 
®'y^e[g)M n My{g) and that Gg ®fc k is the extension to k of a Shimura p-divisible object 
over a finite field. 

Proof: We can assume that G is split and (cf. Subsection 2.5) that (j) normalizes the Lie 
algebra of a split, maximal torus T of G through which fj, factors. Let w e N{W{k)) 
and h G G{B_{k)) be as in Theorem 1.3.3 (b). The M^(^)-latticc h{M ®w{k) W(k)) of 
M ®w{k) B{k) is defined over the strict henselization of W{k) and therefore also over 
W{ki) with ki a finite field extension of k. Let Mi be the VF(/ci)-lattice of M®^^^) B{ki) 
such that we have h{M ®w{k) W{k)) — Mi ®w{ki) W{k). Let Gi be the Zariski closure of 
G^cfci) in GL(Mi). For hi G hG{W{k)) r\G{B{ki)) we have hi{M ®w{k) W{ki)) = Mi. 
We choose hi such that h~^hi is congruent to ^M^wwWik) modulo a high power of p; 
this implies that /ii^vK(fci)^r^ ^ Hodge cocharacter of (Mi, gcp ® Gi). Thus we can 
write hi^{g(f) cr^J/ii = /?.2(0 ® cr/ci), with /i2 G G{W{ki)). The clement hi is a rational 
inner isomorphism between Gh2 '■= {M ®w{k) ^^(^i)^ ^2(0 ® '^fcj, ^'^(A:!)) and Gg (8>fc ki. 
Moreover h^^h G G{W{k)) is an inner isomorphism between Gyj 0k k and G^^ ®fei ^- Thus 
to prove the Corollary, we can assume g = w. To check the last part of the Corollary we 
can assume k = k. 

As wcj) normalizes Lie(T), the Newton cocharacter of G^, factors through Tb(A;) and 
thus it extends to a cocharacter of T. Therefore we have a direct sum decomposition 
M := Q)'yee{w)M fl M^{w) normalized by T and thus also by /x. Let M^^ := {x G 
M\w(j)jj,{p){x) — x}. As in the proof of Claim 2.2.2 we argue that T and G are the 
extensions to W{k) of a torus of GL(M^) and respectively of a reductive subgroup 
scheme of GL(M|^) isomorphic to Gz^ (see Subsection 2.6) and accordingly denoted also 
by Gzp, we have ^ Gz^ as this holds after pull back to Spec{W{k)). Let ko be 
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a finite field such that the cocharacter of is the puU back of a cocharacter fiQ of 
'^w{ko)- conclude that is the extension to A; = ^ of the Shimura p-divisible object 
(M«; (g)z^ W{ko), (1 <8) (TfeJ//o(^), Gwiko)) over ko. □ 

4.4. Corollary. Suppose that k = k and < 1- Let o{Wg) be the order of the Weyl group 
Wg ofG. Let ki be an algebraically closed field that contains k. Let 3i be the equivalence 
relation on the set {(M W{ki), g{(f) <S) crki)j Gw{ki))\9 ^ C!{W{ki))} of Shimura p- 
divisible objects, defined by rational inner isomorphisms. Let 9^ be the cardinal of the set 
of equivalence classes of Oi. Then 9^ e {1, . . . , o{Wg)} and it does not depend on ki. 

Proof: We can assume we are in the context of Theorem 1.3.3. The estimate D\ < o{Wg) 
follows from Theorem 1.3.3 (b) and Fact 4.2.1. AU C^'s with w G N{W{k)) are definable 
over finite fields (cf. end of Corollary 4.3) and each rational inner isomorphism between 
extensions to ki of two such C^^'s is defined by an element of G{B{k)) = G{B{ki)) fl 
GL{M){B{k)) (cf. [35, Lemma 3.9]). Thus the number m is independent of ki. □ 

4.5. On 91. Until Section 5 we assume k = k. The estimate 9^ < o{Wg) is gross. 
Often one can compute 91 explicitly in two steps as follows. Let T, B, and go be as in 
Subsection 2.5. To ease notations we will assume that go = 1m- Thus (p normalizes Lie(T) 
and takes Lie(i?) to itself. Let ctq, M^^, and Gz^ be obtained as in the proof of Claim 
2.2.2. We have ctq = Imz^, ® cr and (f) = cro/x((i) = {1m^^ O or)ii{^). Let T° (resp. S°) be 
the maximal torus of Gzp whose extension to W{k) is T (resp. is B). As Lie(T) (resp. 
Lie(S)) is normalized by ctq = (f>l^{p)i the existence of T (resp. B) is argued in the same 
way we argued the existence of Gz in the proof of Claim 2.2.2. Let A^'^ be the normalizer 
of T° in Gzp- Let m G N be the smallest number such that the torus T^^jj, is split. Let 

ko := ¥p^. We identify Wg = {N^ /T^){W{ko)). For w e Wq, let G N\w{ko)) be an 
element that represents w. Let //q : Gm ~^ '^w{ko) unique cocharacter such that we 

have How{k) = A*- Let 

:= (Mz, W{ko),ny,{lM^^<^(Tko)l^o{^),Gw{ko))- 

Let : Gm — > ^^(fcg) be the inverse of the product of the cocharacters of T^^j^^^ that 
form the orbit of no under powers of waf-o ■ Let G N be the number of elements of this 
orbit. The Newton quasi-cocharacter 

G E{GB{ko)) 

of is the equivalence class of the pair (o^, j-) G A{GB{ko))- ^^ue to Fact 4.2.1, 
does not depend on the choice of and this justifies our notation. Let u{w) be the 
quasi-cocharacter of Tsiko) ^^^^ A'^(VF(/eo))-conjugate to and such that its action on 
Lie(S^(-^^-j) is via non-negative rational powers of p. Let L{w) be the Qp-form of the Levi 
subgroup of C^^ k whose Lie algebra is {x G Lie{GB{k))\''T'w{lMzp ® cr)(^) = 

The first step is to list all distinct ^{wys. Let ^ be their number. Let wi, W2 G Wg- 
If Gn^^ = 6°^^ 'S>ko k and Cn^^ = C°^_^ <S>ko k are rational inner isomorphic, then Vn^^ and 
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i^n^^ G'(i?(/c))-conjugate. Thus u'^^ and v!^^ are GB(/;Q)(5(A;o))-conjugate and therefore 
we have ^'(tui) = i'{w2)- This imphes 

^<%. 

Suppose that 1^(1^1) = i'{w2). This imphes that the two parabohc subgroups 
^GH.(fco)(^«'i^feo/^o(^))s(feo) and i'c^^,^, (n«;2(^feo/^o(^))B(feo) of GB(ko) are Gw(ko)iB{ko))- 
conjugate. As both parabohc subgroup schemes PGvy(^,^^^ (nw^crkol^oi^)) and Po^^ko) i'^wi^^kol^oi 
of ^^^(fc,,) contain Tvi/(fc(,), there exists W12 G A'"''(VF(/co)) such that we have an identity 
wi2PQ^^^^^{n^^akolJ'o{^))w^2 = ^'GvK(feo)('^™2^'=o/"o(^))- In general, W12 does not central- 
ize i^o and therefore in general we have ^ 7^ IK (cf. also Example 4.6.4 below). 

Thus the second step is to decide for which pairs (^1,^2) G Wq x Wg with the 
property that iy{wi) = i^{w2), there exists a rational inner isomorphism hi2 between 6^^^ 
and Cn^2 • '^^^ existence of hi2 is a problem of deciding if the torsor of L{wi) that defines 
L{w2) is trivial or not (see [21, Prop. 6.3] and [35, Prop. 1-17]); as the group Wq finite, 
one can compute all classes that define such torsors of L{wi). 

4.5.1. Remark. In this Remark we use the language of [21] and [35]. Let B{GB{k)) be 
the set of cr-conjugacy classes of G{B{k)). Let U+ := C'Gal(B(feo)/Qp) p (X,(T°(^^)) ® Q), 
where C is the closed Wcyl chamber of X^{T'^^y,^^) ® Q that corresponds to . The set 
11+ has a natural partial ordering. Let : Wq — ^ B{GB(k)) be the map that takes 
w G Wg to the a-conjugacy class of (a*o)(-) G G{B{k)). Let 'Ng '■ B{GB{k)) ^+ 

be the Newton map. Let kg '■ B{GB{k)) 7'"i(G^B(fc))(T be the Kottwitz map. We identify 
naturally iy{w) with 3^g0^g{u!)) G Let —jj G 11+ be the average of the orbit of —fj, 
(or -aifj,)) under Gal{B{ko)/Qp). From [35, Thm. 4.2] we get that 

(9) MWg) C {a; G B{GBik))\i^G{x) = ^GiakoMi^))} r)J^^\{x G U+\x< - ft}). 

One can combine Theorem 1.3.3 with [50] to show that the two sets of (9) are in fact equal. 
In general it is hard to compute the two sets of the intersection of (9). If G Wg, then 
in general the set 'Nq^{i'{w)) is not included in Wg{Wg) (see Example 4.6.3 below for 
examples). The number of elements of ImCWc) (resp. of Im([N'G o W^)) is £H (resp. is ^). 

4.6. Examples. Suppose that Gzp = Resw(kQ)/ZpJ, where J is an absolutely simple 
adjoint group scheme over W{ko) of Br Lie type. Thus J is split and it is the SO group 
scheme of the following quadratic form Q = X1X2 + • • • + a;2r-ia^2r + x'ir+i on := 
W{kQf''^^^. Therefore the number m (of Subsection 4.5) is the number n (of Subsubsection 
4.2.2). As Zp-modules, we can identify M^^ = Vq. We write 

W{kQ) = Vb W{kQ) = ©^=1^4, 

where each Vs is a free VF(A;o)-module of rank 2r + 1 normalized by GvK(fco)- L^t Z G N be 
such that the cocharacter jiQ acts non-trivially on precisely I of the Vg's. Let Bq be the 
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symmetric bilinear form on Vq defined by the rule BQ(x,y) := Q{x + y) — Q{x) — Q{y), 
where Q is identified naturally with a quadratic function Vq W{kQ) and where x, y ^ Vq. 
We recall (cf. Subsection 2.1) that the scalar extensions of Bq are also denoted by Bq. 

4.6.1. Proposition. Under the assumptions of the above paragraph, the following two 

properties hold: 

(a) If 1 = 1, then^ = r + l. 

(b) If I = 2, t/ien^ = r+(r -[§])([§] + !). 

Proof: For s e 5(1, n) we choose a VF(/co)-basis = {ef , e|, . . . , elj-^i} for Vs such that 
-^w(A;o) normalizes W{ko)e for all e e 'Bs- Let § := Ug^iTig. We can assume that S is such 
that iJ,o{p) acts: 

- trivially on ef, if either i > 3 or s > I, and 

- as the multiplication by on e%_i, if s e S{1, 1) and z e {—1, !}• 

2 

Let TT be the n-th cycle permutation of S{l,n) induced by the action of on the 
simple factors of Gw{ko)- We can assume that S is such that the Ufco -linear automorphism 

of Mz^ «)Zp W{ko) = Vq (8)Zp W(ko) (which fixes Mz^ = Vq) takes each e| to ef'^ and 
that BQ{ef, e^) is or 1 depending on the fact that {(z, j), (j, i)} has or has not a trivial 
intersection with the set {(1, 2), (3, 4), . . . , (2r — 1, 2r)}. From [5, plate II] we get that Wq 
as a set is in one-to-one correspondence with the set of elements 

h e GU®^^,Vs){W{ko)) = GUMz^){W{ko)) 

with the property that for each s G S{l,n), they take e|^_,_]^ to and take each pair 

(elq-i, e|q) with q e 5(1, r) to either (625^^^1,62^^^^) or {e2gl\e2glli), for some qi e 5(1, r). 
For each such h there exists a unique w G VFg and a unique representative n^, G A^o(l^('^o)) 
of w such that the actions of h and ??-„;( Ivo ® CTfco) on S are the same. 

Two cocharacters jii and 112 of GB{ko) are G(5(fco))-conjugate if and only if for each 
s G 5(1, n) the formal characters of the action of on Vg via /Uj does not depend on 
j G {1, 2}. Thus, as CTjtQ permutes transitively the simple factors of (jvK(feo)) number ^ 
is the number of distinct Newton polygons of F-crystals of the form 

:= (Vo ®z„ S(/co), n^(li/o ® f^feo)A*o(-)), 

P 

where h and w vary as described. Due to the existence of Bq, the Newton polygon N{w) 
of "Du, is 0-symmetric i.e., its multiplicity of a slope a is the same as its multiplicity of the 
slope —a. Thus to describe N{wys it is enough to list (with multiplicities) their positive 
Newton polygon slopes. Below by orbits we mean the orbits of the action of h on S. 

Suppose that 1 = 1. If the orbit of e\ contains e\, then the Newton polygon N{w) 
has only one slope 0. If the orbit of e\ does not contain and has c G 5(1, r) elements, 
then the Newton polygon N{w) has only one positive slope ^ with multiplicity nc. Thus 
= r + 1 i.e., (a) holds. 
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If Z = 2, we split the computation of ^ as follows. We count: 

(i) 1 for the Newton polygon that has all slopes 0; 

(ii) r for Newton polygons that have only one positive slope with multiplicity cn, 
c G 5(1, r); they correspond to the case when e\ and ef are in the same orbit but this orbit 
does not contain 63 (and thus does not contain 63); 

(iii) r — 1 for Newton polygons that have only one positive slope — with multiplicity 
cn, c G S{l,r — 1); they correspond to the case when there exists i G {1,2} such that the 
orbit of el does not contain el, ef~*, or el^~^ but e^"* and 63"* belong to the same orbit; 

(iv) 1 for each pair (c, d) G S{1, r) x S'(l, r), with c + d < r and c < d. 

For each pair as in (iv) we get a Newton polygon that has two positive slopes ^ 
and ^ with multiplicities cn and respectively dn; it corresponds to the cases when the 
orbit of e{ under h does not contain e^, e"^ "' , or 63 but has Vj elements, j = 1,2, with 
(^1,^2) G {(c, d), (d, c)}. We emphasize that the case c = d gives birth to Newton polygons 
that were already counted by (ii). Thus the number of distinct Newton polygons is equal 

to 1 + r + (r - 1) + ESi(r - 2c) = r([§] + 2) - [§] ([§] + 1) = r + (r - [§])([§] + 1). Thus 
(b) holds. □ 

4.6.2. Example. We assume / G {1, 2}. The set (5 (ty) of Newton polygon slopes of D^^, has 
1, 3, or 5 elements, cf. proof of Proposition 4.6.1. The Newton polygon slope decomposi- 
tion Fo®z^S(/co) = ®jee{w)Mj{w) of D„ is such that Bq{Mj{w), Mu{w))) = Oifi+u ^ 
and we have Mj{w) = ©s=i^s[^] ^ Mj{w); here j, u G <&{w). We have dmiB{ko){ys[\] n 
Mj{w)) = dimB(ko){Vs[^]r)M_j{w)). Thus the number ro{w) := dimB(ko){Vs[^]r)Mo{w)) 
is odd. Let Bq^{w) be the symmetric bilinear form on Vs[^] nMo(t(;) induced by Bq. Let 
Js(t(;) be the isomorphism class of the triple (Fs[^]nMo(t(;), {ny,{lvQ®(Tko)lJ-Q{\)T , BQ^{w))<^ko 

k. Maps defined by the rule e| — > e^*-*'' allow us to identify 3s{w) with Of7r(s)(iy). Thus 
Jsiw) does not depend on s G S{l,n) and therefore we denote it by 3{w). If I = 2, then 
Jiw) is not determined in general by ro{w). 

To check that !P = IH, it suffices to show that the isomorphism class of the a^-F- 
isocrystal with a bilinear form {Mj{w) + M_j{w), (?i^„(lvo ® (^ko)l^o{^)T , Bq^.) i^ko k is 
uniquely determined by j G &{w) and by di'mB(k„){Mj{w)), where Bq^. is the restriction 
of Bq to Mj{w) -\- M-j{w). If j G &{w) n (0,00), then this holds due to Dieudonne's 
classification of a"-F-isocrystals over k and the fact that BQ^ .{Mi{w), M-j{w)) = 0. 
Thus the equality ^ = 9^ holds if and only if always the Newton polygon N{w) determines 
3{w). To check that N{w) determines 3{w), we can assume ro{w) < 2r — l (cf. Proposition 
2.7). The case Z = 1 is a consequence of the fact that each absolutely simple adjoint group 

scheme of B ro(,w)-i Dynkin type over W{ko) is split. Next we consider the case when I = 2. 

2 

The fact that 3{w) is determined by N{w) follows easily from the descriptions of items 
4.6.1 (ii) to (iv). The only "ambiguity" of the type of h giving birth to Newton polygons 
as in items 4.6.1 (ii) to (iv) is between item 4.6.1 (ii) and the variant of item 4.6.1 (iv) with 
c = d (as Jsiw) does not depend on s, it is irrelevant if in item 4.6.1 (iii) we have i = 1 or 
1 = 2). But if h is as in item 4.6.1 (ii) or as in the mentioned variant, then for i,s E {1, 2} 
we have e| ^ Mo{w) and thus the fact that N{w) determines '3{w) is argued as for Z = 1. 
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4.6.3. Example. We refer to Proposition 4.6.1 and Example 4.6.2 with n = I — 1. The 

reductive group L{w) of Subsection 4.5 is a product L^{w) Xq L~^(w), where L^{w) is an 
absolutely simple group of Dynkin type with u G 5'(0, r) and where L'^{w) is trivial if 
u — r and is the group of invertible elements of a semisimple Qp-algebra if u < r. If u < r, 
then the group L~^{w) corresponds to the unique Newton polygon slope in G{w) fl (0, oo). 
If It > 0, then we have Lie{L°{w)) = Lie(L(t(;)) nEnd(Mo(t(;) <^B(ko) B{k)). We have u = 
if and only if N{w) has slope ^. The set H^{Qp,L(w)) = H^{Qp,L+{w)) x H^{Qp,L^{w)) 
has 1 or 2 classes depending on the fact that u is or is not 0. Thus from [35, Props. 1.15 
and 1.17] we get that if N{w) has (resp. does not have) slope ^, then '}{q^{i'{w)) has 1 
element (resp. 2 elements). Thus the set UyjeWo^G^ i'^i''^)) has 2r + 1 elements, while 
'Wg(Wg) has ^ = r + 1 elements. 

4.6.4. Example. Suppose that m = 2n and Gz^ = ResvK(Fpn)/Zp'^: where J is the 
SO group scheme of the quadratic form xiX2 + x^x^ + x^xq + • • • + icir-i ~ y^2r 

Vq :— W(¥pr,)'^^ for some y G W{¥pn) that mod p is not a square. By repeating the 
constructions of Proposition 4.6.1 and Example 4.6.2 with the appropriate restrictions on 
h (cf. the structure of the Weyl group in [5, plate IV]), the identity component of the 
group of automorphisms of {Vs[^] D Mo(w), {nyj{lvo cTfcJ^o(^))", 5q«(w)) ®fco k is not 
determined by the Newton polygon N{w). 

For instance, if n = 1, r > 3, and the orbit of e\ under h does (resp. does not) 
contain 62^-1 and also does not contain 63^, then this group is split (resp. is non-split); 
thus we have 9^ > ^. As n = 1, we have m = 2, €2^-1, G Vo ®z W{¥p2), and 
h E GL{Vo){W{¥p2)) = GL(MzJ(Vr(Fp2)). 

4.7. Quasi-polarizations. Suppose that there exists a perfect bilinear form pm on 
M normalized by G and such that we have Pm{(P{x), 4>{y)) — p"'~^^o'{pM{x,y)) for all 
x,y E M (see Subsubsection 1.2.1 for a and b). We refer to pm as a principal bilinear 
quasi-polarization of Gi^- Let G° be the Zariski closure in G of the identity component of 
the subgroup of GB{k) that fixes pm- Thus the quotient group scheme G/G^ is either 
or trivial. The group scheme G^ is the extension of G'^'^^ by a subtorus of and thus it 
is a reductive group scheme over W(k). We situate ourselves in the context of Theorem 
1.3.3. Thus bL<l, k^k, and normalizes Lie(T). Let g e G^{W{k)). We check that in 
Theorem 1.3.3 we can choose w and /i to fix pM- For this, we can assume G° 7^ G. 

In Subsubsection 3.1.1 we can always choose gs, g2, and gi G G^{W(k)) and in the 
proof of Theorem 3.1.2 we have hi G G^{B{k)) for all i G 5(1, g). Thus to check that 
we can choose w and h to fix pm, it suffices to consider the case when is basic. In 
Subsubsection 4.2.2, we can always choose w G {G^^'^ fl N){W{k)). Thus we only have to 
show that if in Proposition 2.7 we have gi, g2 G G^{W{k)), then there exists h G G^{B{k)) 
such that we have hgicf) = g2(t>h. If G^ is as in Subsubsection 2.6.5, then G^^ := G^ Xq G^ 
is a reductive group scheme and we have g G lm{G^^ {W (k)) G'^{W{k))). Thus as in 
the proof of Proposition 2.7 we can assume that G'^^'^ is simply connected. Let G^ be 
the closed subgroup scheme of Gz^ whose extension to W{k) is G*^. Applying Fact 2.6.2 
in the context of the torus G^/G'^^^, we can assume that gi, g2 G G^^'^{W{k)). The image 
of h in G^^{B{k)) belongs to G^Q^(Qp), where Giq^ is as in the proof of Proposition 

2.7. But as H^{Qp,Gq'^) has only the trivial class (see [20]]), GiQp(Qp) surjects onto 
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G^q (Qp). Thus by replacing h with a right Giq^ (Qp)-multiple of it we can assume that 
heG'^'''{B{k)) ^ G^{B{k)). 

5. Three geometric applications 

In this Section we apply Theorem 1.3.3 (b) to geometric contexts which pertain to 
Shimura varieties of Hodge type. In Subsection 5.1 we introduce standard Hodge situations. 
They are concrete ways of getting good moduli spaces of principally polarized abelian 
varieties endowed with (specializations of) Hodge cycles in mixed characteristic (0,p). In 
Subsubsections 5.1.4 to 5.1.8 we list properties of standard Hodge situations to be used 
in Subsections 5.2 to 5.4. In Subsection 5.2 we formulate Manin problems for standard 
Hodge situations. The Main Theorem solves these problems under two mild assumptions 
(checked for p>3 in [45]). In Subsection 5.3 we introduce rational stratifications of special 
fibres of the mentioned moduli spaces. In Subsection 5.4 we formulate integral Manin 
problems. Theorem 5.4.2 solves them for some standard PEL situations. 

We use the terminology of [9] for Hodge cycles on an abelian scheme Az over a 
reduced Q-scheme Z. Thus each Hodge cycle v of Az has a de Rham component VdR and 
an etale component vst- The etale component v^t as its turn has an /-component w^^, for 
each rational prime /. For instance, if Z is the spectrum of a field E, then z;?^ is a suitable 
Gal(E)-invariant tensor of the tensor algebra of Hl^{Az,Qp) © {Hl^{Az,Qp))* © Qp(l), 
where Z := Spec(£') and where Qp(l) is the usual Tate twist. If £^ is a subfield of C 
we also use the Betti realization of v: it corresponds to VdR (resp. v'^^) via the standard 
isomorphism that relates the Betti cohomology with Q-coefficients of Az X2Spec(C) with 
the de Rham (resp. etale) cohomology of A 2 (see [9]). 

Let S := Rcsc/mG^. A Shimura pair (Gq, X) consists of a reductive group Gq over 
Q and a GQ(R)-conjugacy class X of homomorphisms S Gr which satisfy Deligne's 
axioms of [8, Subsection 2.1]: the Hodge Q-structure on Lie{GQ) defined by x G X is of 
type {(—1, 1), (0, 0), (1, —1)}, the composite of x{i) with the adjoint representation AD : 
Gr — GL(Lie(G^'^)) is a Cartan involution of Lie(G^'^), and no factor of Gq- is compact 
over M. Thus X has a canonical structure of a hermitian symmetric domain, cf. [8, 
Cor. 1.1.17]. For generalities on Shimura pairs, on their refiex fields, types, and canonical 
models, and on injective maps between them see [7], [8], [29, Section 1], [30], and [43, 
Subsections 2.1 to 2.10]. Let A;(|) be the residue field of a finite prime | of a number field. 

5.1. Standard Hodge situations. Let {GS'p{Wj ip) ^ S) be a Shimura pair that defines 
a Siegel modular variety. Thus {W, is a symplcctic space over Q and S is the set 
of all homomorphisms § — > GSp(iy, t/j)^ that define Hodge Q-structures on W of type 
{( — 1, 0), (0, —1)} and that have either 2nitlj or — 27rz'i/' as polarizations. Let r := '^'"'q(^) _ 
Let Af (resp. ^^f^) be the Q-algebra of finite adeles (resp. of finite adeles with the 
p-component omitted). We have = A^^-* x Qp. We start with an injective map 

f:{Gq,X)^{GSp{W,iPlS) 

of Shimura pairs. Thus / : Gq ^ GSpCW^ip) is a monomorphism of reductive groups over 
Q such that we have /ro x E S for all x E X. 



25 



We have §(R) = C*. We identify §(C) = C* x C* in such a way that the monomor- 
phism S(]R) ^ §(C) induces the map z {z, z). Let x G X. Let ix^ '■ Gm ~^ Cc be the 
cocharacter given on complex points by the rule z xc{z, 1). The reflex fleld E{Gq,X) 
of (Gq, X) is the subfleld of C that is the field of definition of the GQ(C)-conjugacy class 
[Hx] of (any) fx^ (see [8] and [29]). It is a number field. Let v be a prime of E{Gqj X) that 
divides p. Let be the localization of the ring of integers of E{Gq, X) with respect to 
V. Let L be a Z-lattice of W such that i/j induces a perfect form i/j : L ®z L ^ 'L. Let Z(p) 
be the localization of Z with respect to p. Let Lj-p) : = L ®i Ij^^y Until the end we assume: 

(*) that the Zariski closure of Gq in GSp(L(p),'0) is a reductive group scheme 

over Z(p). 

Thus V is unramified over p, cf. [30, Cor. 4.7 (a)]. Let Kp := GSp(L(p), 'i/')(Zp). It is a 
hyperspecial subgroup of GSp(VF (8>q Qp, 'iA)(Qp) and the intersection H :— GQp(Qp) fl 
is a hyperspecial subgroup of GQp(Qp). We call the triple 

a potential standard Hodge situation. 

Let C{Gq) be the set of compact, open subgroups of Gq(A/) with the inclusion 
relation. Let Sh(GQ, X) be the canonical model over E{G(Qi, X) of the complex Shimura 
variety (see [7, Thm. 4.21 and Cor. 5.7]; see [8, Cor. 2.1.11] for the below identity): 

(10) Sh(GQ, X)c := proj.lim.^^^(c«)G'Q(Q)\^ X GQ{Af)/H = Gq(Q)\X x GQ(Ay). 

From (10) and [30, Prop. 4.11] we get that Sh{GQ,X)c/H = Gz^^, (Z(p))\X x GqiAf^). 
From this identity and its analogue for Sh(GSp(VF, •0), S)c/Kp, we get that Sh(G(Q, X)/H 
is a closed subscheme of Sh(GSp(VF, -0), S) e{Gq,x)/ Kp. Let M be the Z(p)-scheme which 
parametrizes isomorphism classes of principally polarized abelian schemes over Z(-p)-schemes 
that are of relative dimension r and that have in a compatible way level s symplectic simil- 
itude structures for all numbers s G N that are prime to p; the group GSp(VF, ?/')(A^^'') 
acts naturally on M. These symplectic structures and this action are defined natu- 
rally via {L.ip) (for instance, see [43, Subsection 4.1]). We have a natural identification 

Mq = Sh(GSp(Vr, -0), ^)/i^pCompatible with the GSp(I^, '0)(a5?'^)- actions, cf. [7, Example 
4.16]. Let 

be the normalization of the Zariski closure of Sh(GQ, X)/H in Mo(^) • The natural actions 
of GqiAf^) on Mq = Sh(GSp{W,ip), S)/ Kp and on Sh(GQ,X)/H give birth to a natural 

action of Gq{A^J'^) on K. Let (^1, T^) be the pull back to K of the universal principally 
polarized abelian scheme over M. 

Let {Vct)aed be a family of tensors of 7{L*^-^) such that Gq is the subgroup of GL(iy) 
that fixes Vcc for all a E 3, cf. [9, Prop. 3.1 c)]. The choices of L and {Va)ae3 
low a moduli interpretation of Sh(G(Q,X)(C) (see [7], [8], [30,] and [43]). For instance, 
Sh(GQ,X)(C) = Gq(Q)\X X Gq(A/) is the set of isomorphism classes of principally po- 
larized abelian varieties over C that are of dimension r, that carry a family of Hodge cycles 
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indexed by d, that have level s symplectic similitude structures for all s e N, and that 
satisfy some additional conditions (for instance, see [43, Subsection 4.1]). Thus the abelian 
scheme Ae(g<q,x) is naturally endowed with a family {w^)aed Hodge cycles (the Betti 
realizations of pulls back of via C-valued points of Ke(Gq,x) correspond to v^). 

Let G^^^^ be the maximal reductive, closed subgroup scheme of Gz(p) that fixes 
■0. The maximal compact subtorus of S is connected and, when viewed as a subgroup 
of Gr via the image of an element a; G X, it has —Iw^qR as a R- valued point. Thus 
Z(Sp(L(p), i/j)) ^ G^^ ^ and therefore we have an identity 

(11) G'°^^^=Sp(L(^),V')nGz(,^. 

5.1.1. Standard Shimura F-crystals. Let Lp := L(p) ®Z(j,) Zp- The isomorphism 
L(p) ^ L*p^ induced by i/j allows us to naturally identify Cz^^j with a closed subgroup 
scheme of GL(L*p-j). Let T° be a maximal torus of a Borel subgroup scheme of Gzp- 
Let iiQ '■ Gm — '^w{k{v)) ^® ^ cocharacter such that the following two axioms hold: 

(a) over an embedding e^y^ : W{k{v)) ^ C which extends the composite inclusion 
0(„) C E{Gq,X) C C, it is Gc(C)-conjugate to the cocharacters /i^ '■ Gc, x E X; 

(b) if L* W{k{v)) = Fq ® Fq is the direct sum decomposition normalized by /iq 
and such that /iq acts trivially on Fq, then normalizes Fq. 

The existence of /iq is implied by [30, Prop. 4.6 and Cor. 4.7]. Let Mq := L* 
W{k{v)), let 00 := crfe(„)) o //o(^), and let 

Go := {Mo,(j)o,Gw{k{v)))- 

We first introduced Co in [42]. Up to isomorphisms of Mq defined by elements of Gzp(Zp), 
Go does not depend on the choice of either T° or B^. 

Let k be an algebraically closed field of characteristic p. Let G :— Gw(^k)- For 
g e G{W{k)) let Gg := (Mq ^w{k(v)) W{k),(f)o (g) a^G, {va)ae3)- We refer to the family 
{Qg)geG{W{k)) as the standard Shimura F-crystals with tensors over k of {f,L,v). 

5.1.2. Definition. The potential standard Hodge situation {f,L,v) is called a standard 
Hodge situation if the following two axioms hold: 

(a) the scheme 3\f is formally smooth over 0(^yy, 

(b) for each field k as above and for each point z G 3\r(VF(/c)), the quadruple 
{M, F^ , (f>,G) is a Shimura filtered F-crystal; here {M,(f>) is the Dieudonne module of 
the special fibre of the p-divisible group of A :— z*{A), F^ is the Hodge filtration of 
M = H\^{A/W{k)) defined by A, and G is the Zariski closure in GL(M) of the subgroup 
of GL(M[^]) that fixes the de Rham component G T(M[i]) = 7{Hl^{AB{k)/ B{k))) of 

z*{w^) for aU a G J. 

Let pm be the perfect bilinear form on M that is the de Rham (crystalline) realization 
of 2;*(5'yi). We have pM{(f>{x), (f){y)) = pa{pM{x, y)) for aU x,y e M. 
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5.1.3. Remark. If the axiom 5.1.2 (a) holds, then 3Sf is an integral canonical model of 
{Gq,X,H,v) in the sense of [43, Subsubsections 3.2.3 to 3.2.6] (cf. [43, Cor. 3.4.4]). If 
p > 5, then the axiom 5.1.2 (a) holds, cf. [43, Subsubsections 3.2.12, 3.4.1, and 6.4.2]. 
See [43, Thm. 5.1 and Subsections 6.5 and 6.6] for general ways of constructing standard 
Hodge situations. For instance, iip> max{5, d} and (/, L, v) is a potential standard Hodge 
situation, then {f,L,v) is a standard Hodge situation (cf. [43, Cor. 5.8.6]). 

5.1.4. Fontaine comparison theory. If p > 3 (resp. p — 2) let B~^{W{k)) be the 

Fontaine ring used in [13, Section 4] (resp. in [13, Section 8] and obtained using the 2-adic 
completion). We recall that B~^{W{k)) is an integral, local W{k)-algehra endowed with 
a separated and decreasing filtration {F^ {W (k))) ^^^^^^^y, with a Frobenius lift, and 

with a Gal(i3(A;))-action (see also [15, Section 2]). 

We emphasize that until the end we will assume (/, L, v) is a standard Hodge situation 
and we will use the notations of the axiom 5.1.2 (b). Let := if|^(A-g^, Zp). There ex- 
ists a standard but non-canonical identification = L* under which: (i) the p-component 
of the etale component of z*{w^) is Va for all a E 3, and (ii) the Q^-etale realization pui 
of z*^?^) is a Gm(Z(p))-multiple 7p of the perfect form ip* on L* defined by ip via duality 
(see [43, top of p. 473]). As the complex G^^^^{Zp) Gz^^^{Zp) GmC^p) ^ is 
exact, we can assume 7p = 1. From Fontaine comparison theory we get the existence of a 
B~^{W{k)) -monomor phism 

(12) lA : M ®wik) B+{W{k)) B+iW{k)) 

that respects the tensor product Frobenius endomorphisms (the Frobenius endomorphism 
of being Ijyi). The existence of ia is a particular case of [13, Thm. 7] (for p = 2 cf. 
also end of [13, Section 8]). For de Rham rings of periods and for the de Rham conjecture 
we refer to [12], [13], [15], and [2]. For de Rham cycles we refer to [2, Subsection (1.3)]. 

5.1.5. Theorem. Let V be a complete discrete valuation ring of mixed characteristic 
{0,p) and perfect residue field. Let 3^ := V[i]. Let Z e N(3^). Let £ := Z*{A). Then 
each Hodge cycle wq that involves no Stale Tate twist on E, is a de Rham cycle. In other 
words, under the isomorphism of the de Rham conjecture, the de Rham component of wq 
is mapped to the p- component of the etale component ofwQ. 

If £ is definable over a number subfield of 3^, this was known since long time (for 
instance, see [2, Thm. (0.3)]). The general case follows from loc. cit. and [43, Principle 
B of 5.2.16] (in the part of [43, Subsection 5.2] preceding the Principle B an odd prime is 
used; however the proof of loc. cit. applies to all primes). 

5.1.6. Corollary. We have 4){ta) — for all a E d- 

Proof: The cycle involves no Tate twist. Thus the tensor ization of (12) with the de 
Rham ring BdR{W{k)) that contains B~^{W{k)), is an isomorphism that takes t^ to (cf. 
Theorem 5.1.5). If K~^{W{k)) is the field of fractions of B^ (W (k)) , then the isomorphism 
T(M[i]) ®B{k) K+{W{k))^7{H^[l]) K+{W{k)) induced naturally by takes ta 
to Va and is compatible with Frobenius lifts. Thus each ta is fixed by 0. □ 
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By multiplying each with a power of p we can assume that we have ta £ 7{M) 
for all k and z as in the axiom 5.1.2 (b). Let Hq be a compact, open subgroup of Gq(A^^'') 
that acts freely on M (cf. Serre's Lemma). The group Hq also acts freely on 3\f. Thus 
3\r is a pro-etale cover of J^/Hq, cf. proof of [43, Prop. 3.4.1]. Let Spec(Fo) be an affine, 
open subscheme of J^/Hq such that the point y G 3^{k) defined by the special fibre of z 
factors through the affine, open subscheme Spec(y) := Spec(Y"o) Xk/Hq ^ of 'N. Let 
be a Frobenius lift of the p-adic completion of Y. Let Ay and be the pulls back 
of A and (respectively) to Spec(y). The de Rham component of is annihilated 
by the Gauss-Manin connection on H^j^{Ay /Y) (see [9, Prop. 2.5]). It is also fixed by 
cf. Corollary 5.1.6 applied to dominant Teichmiiller lifts of Spec(F^). Thus is a 
crystalline tensor oi7{H^,y^{Ay/py/Y^)) = 7{Hjji{Ay/Y)^yY^). Therefore e T(M) 
depends on y but not on z. This justifies the following terminology and notations. 

5.1.7. Notations. Let y e 3Nf(/s) be defined by the special fibre of 2; e J'i{W{k)). We 
refer to Gy := (M, G, {ta)ae3) (resp. to (M, G)) as the Shimura F-crystal with tensors 
(resp. as the Shimura F-crystal) attached to y. Let (M^^, Gzp, {'ta)a€d) be the Zp structure 
of (M, G*, {ta)aed) defined by 0//(p) (cf. Subsection 2.6), where is a Hodge cocharacter 

of (M,^,^). 

5.1.8. Lemma. We fix a Hodge cocharacter ji of {M,(f),G). There exists a B{k)- 
isomorphism 

p : M[^] ^ Mo ®w{k{v)) B{k) = L; B{k) = B{k) 

that takes t^ to for all a & 3 and such that pfJ'B{k)P~^ = l^0B{k)- In particular, we have 
P{^^[^\) — ^o®w{k{v) B{k) and there exists Qy e G{B{k)) such that p(j)p~^ = gy{4>Q®crk)- 

Proof: Ask = k, the set H^{B{k), GB{k)) has only one class. As ®B+{w{k)) ^Bd.R{W{k)) 
is an isomorphism that takes ta to Va for all a e J, we get that there exists a B{k)- 
isomorphism p : M[^]-^ Mq i^wikiv)) B{k) that takes to Vq, for all a E 3- We check 
that we can choose p such that the cocharacters pHB(k)P~^ and PoB{k) of GB{k) coincide. 
To check this we can assume that there exists an embedding : W{k) "-^ C that extends 
the embedding e^^v) '■ W{k{v)) "-^ C of the axiom 5.1.1 (a). Thus ppB{k)P~^ and poB{k) 
are G(C)-conjugate, cf. axiom 5.1.1 (a). As GB(k) is split, we get that the cocharacters 
PPB{k)P~^ and PoB{k) are G'(i?(/c))-conjugate. Thus by composing p with an automor- 
phism of Mq ®w{k{v)) B{k) which is an element of G{B{k)), we can assume that we have 
Pf^B{k)P~^ = A*OB(fc)- The last part of Lemma is obvious. □ 

5.1.9. Definition. Let y, yi G }sf(/c). By an isomorphism (resp. a rational isomorphism) 
between Qy — {M, cj), G, {ta)aed) and Qy-^ = {Mi, (f)i,Gi, (tiajaed) "^e mean an isomor- 
phism h : M Ml (resp. h : M[^] ^Mi[i]) that satisfies h(f) = and that takes ta 
to tia for all a & 3- Similarly we define (rational) isomorphisms between Qy and or 
between two Shimura F-crystals with tensors indexed by the same set 3- 

5.1.10. Remark. The notion of rational isomorphisms between C^'s and C^'s does not 
depend on the choice of the family of tensors {va)aed Subsection 5.1. Also, as the 
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right translations of y e 3sf(A;) by elements of Gq{A^^') correspond at the level of abelian 
varieties to passages to isogenies of prime to p (sec [43, Subsection 4.1] for the case 

of complex points of K), the isomorphism class of Cy depends only on the G'(g)(Aj''*) -orbit 
of y. But we emphasize that under such isogenies the cycle pm might be replaced by a 
G^(Zp)-multiple of it. 

5.2. Manin problem for {f,L,v) and k. Show that the following two things hold: 

(a) For each point y e 3\f(A;), there exists g e G{W{k)) such that Qg is rational 
isomorphic to Qy. 

(b) For each element g G G{W{k)), there exists a point y e l^{k) such that Qy is 
rational isomorphic to Qg. 

5.2.1. Assumptions. Below we often assume that of the following two conditions hold: 

(i) the GAL property holds for {f,L,v) i.e., for each z G 'N{W{k)) there exists a 
Qp-linear isomorphism pi : Mi^[^] ^ -^p[^] = that takes ta to for all a E 3', 

(ii) the GAL property of (i) holds for each standard Hodge situation (/', L,t;i), 
where /' is the composite of an injective map (Tq, {/i'}) <— (Gq,X) with /, for Tq a 
maximal torus of Gq, and where vi is an arbitrary prime of E{Tq, {h'}) that divides v. 

5.2.2. Remarks, (a) Condition 5.2.1 (i) holds if the set H^{Qp, Gq^) has only one class, 
cf. Lemma 5.1.8. For instance, this is so if G^^ is simply connected and Gq^ is split. 

(b) The results [45, Main Thm. 1.2 and Lemma 2.5.2 (a)] imply that condition 5.2.1 
(i) holds for p>3 and that condition 5.2.1 (ii) always holds. 

5.2.3. Main Theorem. Let (/, L, v) be a standard Hodge situation. We have: 

(a) If the condition 5.2.1 (i) holds, then the property 5.2 (a) holds. 

(b) We assume either (i) that the condition 5.2.1 (ii) holds or (ii) that the condi- 
tion 5.2.1 (i) holds, that Z(Gq) is connected, and that the group Gq (Qp) surjects onto 
Gq^iQp)- Then the propeHy 5.2 (b) holds. 

Proof: We prove (a). Let y G K(/c). Let z G y{{W{k)) be a point that lifts y. We use 
the notations of the axiom 5.1.2 (b) and of Notations 5.1.7. Two maximal tori of Borel 
subgroups of GiQp arc Gq^ (Qp)-conjugate (see [3, Ch. V, Thms. 19.2 and 20.9 (i)]). Thus 
we can choose Qp-linear isomorphism pi of the condition 5.2.1 (i) such that the maximal 
subtorus pi'^Tq pi of Gq^ extends to a maximal torus := p^^T^ pi of Gzp- Let A^*^ be 
the normalizer of T*^ in Gzp- Thus iV*^ := p^^N'^pi is the normalizer of T° in Gzp- From 
Theorem 1.3.3 (b) and Subsection 4.5 we get the existence of an element w G N^{W{k)) 
and of a G'(W^(/c))-conjugatc p : — > ^^/(fc) °^ A*' such that Cy is rational isomorphic to 
{M,w{1mzp ® o-)A(^);G'; (^a)a6a)- Under piB{k): this last Shimura F-crystal with tensors 
is rational isomorphic to Ci^ := (Mq ^w{k{v)) W{k),w{lL* ^ a)jlo{^), G, {vct)ae3)^ where 

w := PiB(fc)W'PrB(fc) ^ N^{W{k)) and jlo := PiB{k)fipiB{k) ' ^rn ^ T^(^ky PPiB{k) ^ 
G{B{k)), from Lemma 5.1.8 we get that the generic fibres of p,o and //ovK(fc) are G{B{k))- 
conjugate. Thus, as G is split, the cocharacters fx and //ovK(fe) are also conjugate under an 
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element h e G{W{k)). But hwa{h~^) G G{W{k)) and thus Qiy is rational isomorphic to 
^hwa{h'^) vmdcr an isomorphism defined by h. Thus Gy is isomorphic to Ghwa{h-^) i-^-, 
the property 5.2 (a) holds. This proves (a). 

We prove (b). Let F := ¥p. To show that the property 5.2 (b) holds we can 
assume that g e iV"(TF(F)), cf. Theorem 1.3.3 (b). Let w := g E G{W{k)). Let 
be a maximal torus of Gip such that the Zp structure of the following quadruple 
(Mq 0w{k{v)) ^(^)^T^(w)^ Gw(w), i'iJa)ae3) defined by the cr-linear automorphism w{1l* 
a) of Mq <^w{k(v)) W{¥) = L* (E)Zp W{¥) (see Subsection 2.6), is isomorphic to the quadru- 
ple {L*,T'^,Gzp, (fa)aea) under an isomorphism defined by an element G Gzp{W{k)). 
Thus 

l^ow{¥) ■~ hyjjj,Q\Y(^^hyj is a cocharacter of T^^^y Let be a maximal Z(p)-torus 
of Gz(p^ such that the following two things hold (cf. [17, Lemma 5.5.3]): 

(i) over R it is the extension of a compact torus by Z{GL{W ®q M)); 

(ii) there exists e G^^^Zp) such that gyjT'^g'^ = T^^Zp- 

Let : Gm — T^c be the cocharacter obtained from the cocharacter gwt^ow(¥)9w^ 
of gwT^fj-^g~^ = Ttovk(f) by extension of scalars under a fixed embedding cf : VF(F) --^ C 
that extends the embedding e/j(^,) : W{k{y)) ^ C of the axiom 5.1.1 (a). From the axiom 
5.1.1 (a) we get: 

(iii) //u, as a cocharacter of Gc is GQ(C)-conjugate to /i^, where x E X. 

Let S^c be the subtorus of T^c generated by Z'(GL(VF(8)qC)) and by the image of ^lyj. 
As Tyj^/ Z{GIj{W ®q M)) is compact, each torus of the extension of Tyj^/ ZiGhiW ®q M)) 
to C is defined over M. Thus SwC is the extension to C of a subtorus S^m. of T^m.- From 
(iii) we get that Z{GIj{W ®q C)) and the image of fiw have the finite, etale group //2 as 
their intersection. Thus we can identify naturally 8^-^. = S- Let 

:S ^ T^M. 

be the resulting monomorphism. Let be the GQ(]R)-conjugacy class of Xw The Hodge 
Q-structure on Lie(GQ) defined by Xu, is of type {(—1, 1), (0,0), (1, —1)}, cf. (iii). Thus 
(Gq, X-u}) is a Shimura pair if and only if ADoXw (i) defines a Cartan involution of Lie(G^'^). 

In general AD o Xw{i) is not a Cartan involution of ljie{G^). Here is an example. 
If G^ is an SO(2,2n + 1)r group with n>2, then it has two S0(2)]r subgroups Fi and 
F2 which over C are G|'^(C)-conjugate and whose centralizers in G^ are isomorphic to 
S0(2)]K Xk S0(2n + 1)m and S0(2)]k Xr S0(2, 2n - 1)k (respectively); if the image of x^ 
in G^ is F2, then AD o Xw{i) does not define a Cartan involution of Lie(G^'^). 

Twisting process. We use a twisting process to show that we can choose such 
that {G(Q,Xiu) is a Shimura pair. Let be the image of in Gf^ . The functorial 

map if^(M,T^^) H^{R,G^) is surjective (cf. [22, Lemma 10.1]) and we have an exact 
complex 

H\Q, TX) - H\R, TZ) X n H\Qi,T^l) - X.(TO°^)Gal(Q),ors 

/ a prime 
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of abelian groups (cf. [29, Thm. B.24]). If the prime I is different and such that the torus 
TOOq^ is spht, then the group H^iQi.T^^J surjects onto ^*(T^^)Gal(Q),tors (^f- [29, Prop. 
B.22]). Thus we have a natural epimorphism 

(13) H\Q,T^^q) H\R,TZ) X H\Q„T^^^^). 

We recall that is an inner form of its compact form, cf. [8, Subsubsection 2.3.4]. From 
this and (13) we get that there exists a class 7c G (Q, T^q) whose image in (Qp, T^q ) 
is trivial and such that the inner twist Gq of Gq via 7^ is compact over R. The group TyjQ 
is naturally a maximal torus of Gq and we have an identification Gq^ — Gq that extends 
the identity automorphism of Ty^Q^ . 

Let or be the set of non-compact, simple factors of G^. For j G let be the 
image of S^r in the non-compact, simple factor j of G^. Let := Y[je<yi^^R'i ^ 
compact subtorus of T^^ and thus also of G^. Let 7°^ G H^{R, I^^^) = Ujem ^H^' 
be the unique class such that all its components are non-trivial classes. The inner twist 
of G^'^ via 7^jg is isomorphic to G^, cf. [8, Subsubsection 1.2.3]. Thus the inner twist of 
G| via 7°]g is isomorphic to Gr. Let 7^ G if^(Q, T^q) be a class such that its image in 
HHQp, T^qJ is trivial and its image in H\R, T^^) is the image of 7°^ in H^{R, T^l), cf. 
(13). Let Gq be the inner twist of Gq via 7s. We have natural isomorphisms ju : G^ ^ Gk 
and G'q^^Gq^ and moreover T^q is naturally a maximal torus of Gq. Thus T°q is 
naturally a maximal torus of Gq*^. Let X'^ be the GQ(R)-conjugacy class of the composite 
of Xyj with the inclusion T^m. ^ G^. Let X^^^ be the GQ'^(R)-conjugacy class of the 
composite of Xyn with the homomorphism T^^r G'^'^. The pair (Gq'^,X^'^) is a Shimura 
pair, cf. [8, Subsubsection 1.2.3]. Thus (Gq,X^) is also a Shimura pair. 

The class 70 := 'Jc^^i^ ^ H^{Q, T^q) is trivial over Qp. The inner twist of G^'^ via 
the image 70R of 70 in H^(R, G'^'^) is G^ and therefore (via jr) it is naturally isomorphic 
to G'jI^. Thus 7oK is the trivial class. Let A^^q be the normalizer of T^q in Gq*^. Let 
7n G -ff^(Q, Nwq) be the class that parametrizes inner isomorphisms between the two pairs 
(Gq'^,T^q) and (Gq^,T°q). The use of word inner makes sense here as the class 70M is 
trivial; in other words we consider only isomorphisms between extensions of (Gq'^,T^q) 
and (Gq^, T^q) to some field K of characteristic that have the property that over a larger 
field Ki which contains both K and M, are defined by isomorphisms G^*^ ^ G^^ that are 
composites of the extension to Ki of the adjoint of jr with inner automorphisms of G^^ . 
The class 7„ is trivial over Qp. The class 7„ is also trivial over R (as 70R is trivial and 
as two maximal compact tori of G^ are G^'^(R)-conjugate). Let T^q be the torus of Gq 
that is the twist of T^q via 7^. The tori ^^q^ and T^^q^ are GQ^(Qp)-conjugate. Let 
x'^ : E> ^ T^]g be the natural twist of x^ via 7^. We need an extra property: 

(iv) Let Ti and T2 two maximal tori of Gz^ whose images in G|^ are G|^(Zp)- 
conjugate. Then Ti and T2 are Gz^ (Zp)-conjugate. 

To check (iv), let be the image of Ti^p in G^^. It is easy to check that we have 
an identity G|^(Fp) = Im(GzjFp) Gg(Fp))TOO^(Fp). Thus the Gg(Fp)-conjugates of 
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TiFp are the same as the Gz^ (Fp)-conjugates of Tif^. Thus Tif^ and T2Fp are Gz^{¥p)- 
conjugate. From this and the infinitesimal hftings of [10, Vol. II, Exp. IX, Thm. 3.6], we 
get that for all tt G N there exists G Gz^i'^p) such that f^Tif"^ and T2 coincide mod 
p^. Loc. cit. assures us that we can assume that t„_|_i and are congruent mod p^. Thus 
the p-adic limit too of the sequence (t„)uGN exists and is an element of Gz^{'Lp) with the 
property that too^it^^ = ^2- Thus (iv) holds. 

We have an identity G^{%) = G^'^^{Zp)G^{Q), of. [30, Lemma 4.9]. Thus, as the 
tori T^Q^ and Tu,q^ are G'^^(Qp)-conjugate, up to a G'^^(Q)-conjugation of T^q we can 
assume that the Zariski closure of T^q in GL(L(p)) is a torus with the property that 
T^^^ and T^z,p are G^^(Zp)-conjugate. Thus T^^^ and T^Zp are Gzj, (Zp)-conjugate, cf. 
(iv). Thus and T™ are (Zp)-conjugate, cf. (ii). As {Gq,X'^) is a Shimura pair, 

by replacing (T^^,,a;^^,) with {T[j^^x'yj) we can assume that (Gq,^^;) is a Shimura pair and 
that the properties (i) to (iii) continue to hold. 

Adjoint Shimura pairs. The adjoint Shimura pair (Gq^, X^*^) of (Gq, X) is defined 
by the property that is the G^'^(]R)-conjugacy class of the composite of any x & X 
with the epimorphism Gr -» G^. We check that the adjoint Shimura pairs {G^^X^^) 
and {G^.Xl^) coincide i.e., we have X^^ = X^^. Let Gqk G 01 be a simple, non-compact 
factor of G^. Let X^'^ (resp. X^^) be the direct factor of X^'^ (resp. of X^^) that is the 
GoK(IR)-conjugacy class of the composite xqq (resp. xqw) of any x E X (resp. of x^) with 
the epimorphism Gm -» Gqm. We know that xqqc and xqwC are Go]R(C)-conjugate, cf. (iii). 
Thus xoo and xqu, are Go]R(IR)-conjugate, cf. [8, Prop. 1.2.2]. Thus we have Xq'^ = Xq^. 
This implies that = X^^. 

Both X and X^j are disjoint unions of connected components of X^'^. The connected 
components of X^^ are permuted transitively by G^^^ ^(Z(p)), cf. [43, Cor. 3.3.3]. Thus 

by replacing the injective map : {T^q, {x^u}) {Gq, X^) with its composite with an 
isomorphism (Gq, X^) ^ (Gq, X) defined by an element of G|^^(Z(p)), we can assume 

that Xw = X . The fact that under such a replacement (ii) still holds, is implied by (iv). 

Special Shimura pair. As a conclusion the pair {T^q, {xw}) is a special Shimura 
pair of (Gq,X) = (Gq,X^). The refiex field E{Twq, {x^}) is a finite field extension of 
£'(Gq, X). As T^w{w) is a split torus, E{Ti^q, {xu,}) is naturally a subfield of eF(VF(F))[^]. 
Let Vyj be the prime of E{T^uq, {x^^}) such that the localization 0(„^) of the ring of in- 
tegers of E{Tj^Q, {xyj}) with respect to it is E{TyjQ,{xyj}) fl eF(VF(F)). The prime Vyj 
divides v and the cocharacter iUq™ of T^^(/.(-„^)) we get as in Subsubsection 5.1.1 but 
for the potential standard Hodge situation (/ o i^, L, Vy^), is such that its extension to C 
via Cf is itself. Thus the extension of to VF(F) is the cocharacter fi'wA^ovK(F)5'^«^ 
of T,„ 

^(F)- The normalization of Spec(0(^,^)) in Sh{T^Q,{xw})/Tyj{Zp) is a pro- 
etale cover of Spec(0(„^)) (sec [43, Example 3.2.8]) and therefore its local rings are dis- 
crete valuation rings. From Neron-Ogg-Shafarevich criterion we get that the pulls back 
of {A,'yj{)E{GQ,x) and of its symplectic similitude structures via the natural morphism 
Sh(T^Q, {xyj})/Tyj{Zp) ^ Sh{Gq,X)E(T^Q,{x^})/H, extend to T^. Thus we have a natu- 
ral morphism T^j — ^0(„^) which (by the very definitions of 'N and T^,) factors through 
Xo(„^). Next we use the notations of the axiom 5.1.2 (b) and Notations 5.1.7 for a point 
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z e \mi^yj{W{ky) — > 'JiiyViky)) and we check that the triple (/ o z^, L, v^) is a standard 
Hodge situation. 

Let {ya)oLe'd^ be a family of tensors in spaces of the form W*®"^ (8>q such that 
d Q dw and T^q is the subgroup of GL(M^) that fixes Va for all a & dw Let T^'^ be a 
maximal torus of GL (L(p)) that contains T^j. We choose dw such that each element of 
Lie(r^'s) is a Va for some a e dw For a e dw \ d ^et ta e 7{M[^]) be the de Rham 
component of the Hodge cycle on AB{k) whose p component of its etale component is Va 
(thus e 7{M[^]) is weU defined for aU a e 3w)- The Zariski closure T„ in GL(M) of 
the subgroup of GL(M[i]) that fixes for all a G 3w, is a maximal torus of G. This is 
a consequence of the fact that the W{k)-span of endomorphisms of M generated by those 
elements ta which correspond to elements of Lie{T^'-^), is a VF(A;)-subalgebra of End(M) 
isomorphic to W{k)'^'^ and therefore it is the Lie algebra of a maximal torus of GL(M) 
that contains Tw Prom this and the fact that T„ is a pro-etale cover of Spec(0(„^)), we 
get that the triple (/ o L,Vw) is a standard Hodge situation. 

End of the proof of (b). To end the proof of (b) we only have to show the existence 
of a rational isomorphism between Gy and C^^. Let (/)om := crk{v^)) ° A*Ow(^); it is a 

(jfc(„^)-hnear endomorphism of Mq^ := L*®Zp W{k{vy,)). But g^h^ e Gzp{W{k)) defines 
an isomorphism between Q^, and := {Mq^j, (po^, Gw{k{v^)), {va)aed) ®k{v^) ^- Thus we 
are left to check that there exists a rational isomorphism J between Gy and Cyj . 

By applying Lemma 5.1.8 to the context of z and 3w, we get the existence of an 
isomorphism p : M[^] ^Mq^ <8)vF(fe(v^)) -^(^) that takes to, to for all a e 3w Thus 
we also have pHB(k)P~^ = IJ^OwB(k) and moreover the element Qy of Lemma 5.1.8 belongs 
to Tyu{B{k)). This implies that Lie(T^u) is normalized by (f) and /i thus (as in the proof 
of Claim 2.2.2 we argue that) we can speak about the maximal torus T^Zp of Gzp whose 
extension to W{k) is T^. Let 7 e H^{Qp,TwQ^) be the class that defines the torsor of 
TwQp which parametrizes isomorphisms Mzp[^] ^L*[i] that take ta to Va for all a e 3w 
If the condition 5.2.1 (ii) holds, then 7 is the trivial class. If 7 is the trivial class, then we 
can assume p is the tensorization with B{k) of an isomorphism Mzj,[^] L*[^] and thus 
gy is the identity element; therefore J exists. Thus to end the proof of (b), we only have 
to show that 7 is the trivial class if the condition 5.2.1 (i) holds, Z{Gq) is connected, and 
the group Gqp(Qp) surjects onto Gq (Qp)- 

Let gy'^ be the image of gy in T^q^{B{k)). The two hyperspecial subgroups of 
G^'^{B{k)) that normalize Lie(G^(-^-j) and p(Lie((j^(.^-|)/0~^ are inner conjugate by an 
element go E G'^(^j^-^{B{k)), cf. [41, p. 47]. As T^w{k)(^(^)) i^ ^ subgroup of both these 
hyperspecial subgroups and as two maximal tori of G^f^j^-^ are G^^^~|(VF(/c))-conjugate, we 
can assume that go G T°^^^)(S(/c)). As pHB{k)P~^ = IJ'OwB{k), 9o9y'^cri9o)~^ normalizes 
Lie(G^(^)) and therefore it belongs to G'^(^^(W'(/c)) and thus also to T^w {k)(^ (^)) ■ Let 
e T^w{k)(^(^)) be such that gogf(j{go)~^ = t^^a{t^^)-\ cf. Fact 2.6.2. But as 
Z{Gq) = Ker(Ty,Q — > T°q) is connected, there exists an element t G T„(5(A;)) that maps 

to go^t^^ e Thus up to a replacement of p by o p, we can assume that 

gy G Z{Gq){B{k)). This implies that the image 7°° of 7 in H^{Qp,T°% ) is the trivial 
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class. As the condition 5.2.1 (i) holds, the image of 7 in H^{Qp,Gq^) is also the trivial 
class. Thus there exists h E G{B{k)) such that hp{Mz^[^]) = L*[^]. As 7°^ is the trivial 
class, there exists hf^ G (Qp) such that hf^ and h act (via inner conjugation) in the 
same way on Lie(T^Q^). Let hi e GQp(Qp) be such that it maps to hf^. By replacing h 

with hi^h, we can assume h fixes Lie(T^Q^). Thus h e T^{B(k)) and therefore 7 is the 
trivial class. □ 

5.2.4. Simple properties, (a) If Gq = GSp(VF, '0), then the condition 5.2.1 (i) holds 
(cf. Remark 5.2.2 (a)), Z{Gq) = Gm is connected, and Gq^{Qp) surjects onto Gq^{Qp). 
Thus properties 5.2 (a) and (b) hold, cf. Main Theorem. By combining this with Fact 1.1 
we get a new proof of the original Manin problem. 

(b) We refer to the proof of Theorem 5.2.3 (b). If there exists an isomorphism 
^ Lp = that takes to Va for all a E 3w (cf. [45, Main Thm. 1.2]), then we can 
assume Qy G Tw{W{k)) and therefore (cf. Fact 2.6.2) Qy, and Gy are isomorphic. 

5.3. Rational stratifications. Let Snp be the stratification of J^kiv) in locally closed, 
reduced subschemes defined by Newton polygons of pulls back of the p-divisible group D 
of A via geometric points of 'Nkiv) (cf- [19, Thm. 2.3.1]). 

5.3.1. Theorem. Let (/, L,v) be a standard Hodge situation. There exists a stratification 
Srat of3^k{v) ^'^ locally closed, reduced subschemes such that two points o/3Sffc(^) tvith values 
in the same algebraically closed field factor through the same stratum of Srat if o-nd only if 
there exists a rational isomorphism between their attached Shimura F-crystals with tensors. 
Each stratum o/Srat is an open closed subscheme of a stratum o/Sjvp and therefore §rat 
refines §np- 

Proof: We use left lower indices to denote pulls back of F-crystals. Let x be an independent 
variable. Let Sq be a stratum of Satp. Let 5*1 be an irreducible component of Sq. To prove 
the Theorem it is enough to show that for each two geometric points yi and y2 of Si with 
values in the same algebraically closed field ki, there exists a rational isomorphism between 
Cy-^ and Gy^. We can assume that ki = k{{x)) and that yi and y2 factor through the generic 
point and respectively the special point of a /c-morphism m : Spec(/c[[x]]) — > 3\ffc. We denote 
also by yi and ?/2, the /ci-valued points of Spec (/c [[a;]]) or of its perfection Spec(/c[[a;]]P^'^^) 
defined naturally by the factorizations of yi and y2 through m. 

Let $ be the Frobenius lift of VF(fc)[[a;]] that is compatible with a and that takes 
X to x^. Let (t = (y, (^x/, V\/) be the F-crystal over k[[x]] of m*(D). Thus y is a free 
M^(A;)[[x]] -module, (pv : V ^ V is a $-linear endomorphism, and Vy : V Vdx is 
a connection. Let G TiV) be the de Rham realization of m*{w'^) (see paragraph 
before Notations 5.1.7). Let C^j = (Mi, 0i, GiviA(fe^), {tia)oi£3) (^^^ Definition 5.1.9). Let 
gi G Giw(^k^-j{W{ki)) be such that (Mi,^i0i, Gixy(fc^), (tiQ,)agg) is the extension to ki 
of a Shimura F-crystal with tensors Ci over a finite field /cqi and there exists a rational 
isomorphism li between Gy^ and Ci ®kai ^1 = (-^i? fi'i'^i^ G'ivK(fei), (^ia)aea) defined by an 
element hi G Givi/(fci)(-B(/ci)), cf. Corollary 4.3. Let G^ be Ci but viewed only as an 
F-crystal. We can identify G^^^^ = (/i^^(Mi), 0i). 

From [19, Thm. 2.7.4] we get the existence of an isogeny zq : Co — C, where Co is 
an F-crystal over k^x]] whose extension to the A;[[a;]]-subalgebra A;[[a;]]P*^^^ of ki is constant 
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(i.e., is the puU back of an F-crystaf over k). Let ii : M2 Mi be the W{ki)-liaeax 
map that defines y*(io)- We can assume that zi(M2) is contained in hi^{Mi). We get a 
morpliism Cofci ^ik^- extension to ki of a morphism ^2 : ^ok[[x]]p^^f ~^ ^iA;[[a;]]p<='^f' 

cf. [35, Lemma 3.9] and the fact that €ofc[[x]]p°^f and C~^jj^jjpoi.f are constant F-crystais over 
A;[[a;]]P'^'^^. Let : C^^rr iiperf —>■ '2^o/c[[a;]]p"f be a morphism such that i2 o is = P'^^q- 1 

where e N. By composing is with iofe[[a:]]p-f we get an isogeny : e~^jj^jperf ^ <2^fe[[a;]]p«f 
whose extension to ki is defined by the inclusion h^^{p'^Mi) C Mi. The isomorphism of 
F-isocrystals over Spec(/c[[x]]P'^'^*) defined by p~'^ times takes to for all a G 3, as 
this is so generically. Thus 2/2(^4) is an isogeny which when viewed as an isomorphism of 
F-isocrystals is times a rational isomorphism I2 between Ci <Sikoi ki and C^j. Therefore 
^2^1 is a rational isomorphism between Gy^ and Gy^. □ 

5.3.2. Remarks, (a) The proof of Theorem 5.3.1 is in essence only a concrete variant of 
a slight refinement of [35, Thm. 3.8]. The only new thing it brings to loc. cit., is that it 
weakens the hypotheses of loc. cit. (i.e., it considers the "Newton point" of only one faithful 
representation, which in the case when condition 5.2.1 (i) holds, is the representation of 

Gq^ on W* (g)Q Qp). 

(b) The stratifications Sj-at and §np are Gq(Aj''') -invariant (cf. Remark 5.1.10) and 
therefore are pulls back of stratifications Srat,Ho ^np,Ho oi the /e(f )-scheme '}{i^(^y)/Ho 
of finite type, where Hq is as before Notations 5.1.7. Thus Snp,Ho has a finite number 
of strata and each stratum of it has a finite number of connected components. Therefore 
Srat,Ho and thus also §rat have a finite number of strata, cf. Theorem 5.3.1. If is as in 
Corollary 4.4 and if properties 5.2 (a) and (b) hold, then S^at has precisely 9^ strata. 

5.3.3. Example. We assume that G^ is absolutely simple of Dynkin type, that 
Z{Gq) = Grm and that (/, L, v) is a standard Hodge situation. The faithful representation 
of G^^ on W ®Q C is a direct sum of trivial and of spin representations (see [8]) and 
therefore Gq®"" is simply connected. Thus the condition 5.2.1 (i) holds, cf. Remark 5.2.2 
(a). As Z{Gq) = Qm is connected and as GQp(Qp) surjects onto Gq^(Qp), the hypotheses 
of the Main Theorem 5.2.3 hold. Thus properties 5.2 (a) and (b) hold, cf. Main Theorem. 
From this and Proposition 4.6.1 (a) we get that Srat has precisely n + 1 strata. 

5.4. Integral Manin problem for {f,L,v) and k. Show that: 

(a) For each point y G 3\r(/c), there exists g G G'^{W{k)) such that is isomorphic 

to Gy. 

(b) For each element g G G^{W{k)), there exists y G J-i{k) such that is isomorphic 

to Gg. 

5.4.1. Some standard PEL situations. Let l be the involution of End(L(p)) defined 

by the identity ijj{h{x),y) = "(p^x^ i{h){y))^ where h G End(L(-p)) and x, y & -^(p)- Let 
!B := {6 G End(L(p))|6isfixedbyGz(p)}. We list four conditions: 

(i) we have i(!B) = !B and !B[^] is a simple Q-algebra; 

(ii) the 14^(F)-algebra !B W{¥) is a product of matrix VF(F)-algebras; 
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(iii) the group Gq is the subgroup of GSp(W, tp) that fixes aU 6 e !B; 

(iv) the Hasse principle holds for the groupGQ. 

If (i) to (iii) hold, then the triple (/, L, v) is a standard Hodge situation (see [27] and [23]); 
we refer to (/, L, v) as a standard PEL situation. Condition (iv) holds if (i) to (iii) hold 
and all simple factors of are of Cn or ^2n-i Lie type (n e N), cf. [23, pp. 393-394]. 

5.4.2. Theorem. If conditions 5.4-i (i) to (iv) hold, then properties 5.4 (a) and (b) also 
hold. 

Proof: Let y and z be as in the axiom 5.1.2 (b) and Notations 5.1.7. We use the notations 
of the axiom 5.1.2 (b). Notations 5.1.7, and Lemma 5.1.8. The isomorphism '^B+{w{k)) 
lBdR{W{k)) takes pm to a non-zero scalar multiple of . As G does not fix pM, we 
get the existence of a field extension LdR{W{k)) of the field of fractions of BdR{W{k)) 
such that there exists a symplectic isomorphism (M L(iR{W{k))jPM) (L* 

LaR{W{k)),ip*) that takes ta to Va for all a e ^. As k = k and as Gq = Sp(VF, fi Gq is 
connected (cf. (11)), the set H^{B{k), G^^^^ has only one class. Thus referring to Lemma 
5.1.8, we can choose p such that it defines a symplectic isomorphism (M[^],pm) — ^ {Lp®-Ep 

B{k),r)- 

Let ^Jb := {o. G 3\va. G B}. We identify 'B ®Z(p) with the Zp-span of Wq-'s (resp. 
ta's) with a G J-b- Let pi : M ^ Mq ®w{k{v)) W{k) be an isomorphism that takes pm to 
^p* and t^ to v^, for all a E S-b- The existence of pi after inverting p follows from the 
previous paragraph and thus [23, Lemma 7.2] implies that pi exists. Strictly speaking, 
loc. cit. is stated over Zp but its arguments apply entirely over W{k). Thus p o p^^ fixes 
iIj* and v^, where a G Ss- Thus po p^^ G GQ{B{k)), cf. condition 5.4.1 (iii). Thus pi 
also takes to- to v^, where a G 3 XS-B- Therefore we can choose p such that moreover 
we have p{M) = Mq <^w{k{v)) W{k) and pp,p~^ — P-owik)- Thus the representations of 
!B/p!B on Lie(^A;) = F^/pF^ and Fq/pFq ®k{y) k are isomorphic and moreover we have 
gy G G^^j^^{W{k)). Thus the property 5.4 (a) holds. 

We show that the property 5.4 (b) holds. Let g G G^^,^^{W{k)). Let iV° be the 
normalizer of T° in Gj,^. Let w G N'^{W{k)) fl G'^(^f,-^{W{k)) be such that there exists 
an element h G G^(^^^(i?(/c)) that defines a rational isomorphism between and C^, cf. 
Subsection 4.7. We take z G 'N{W{k)) to factor through of the proof of Theorem 5.2.3 
(b) and we use the notations of the mentioned proof. Let be the subgroup scheme of 
T„ that fixes ip. We have = G'^ n (cf. (11)) and therefore is a maximal torus 

of y If is the centralizer of in End(L(p)), then T^, is the subgroup scheme of 

GSp(L(-p), ?/^) that fixes Bw Thus as in the previous paragraph we argue that can assume 
Qy G T^{W{k)). By composing p with an element of T^(VF(fc)), we can assume gy is the 
identity element. Therefore Qy is isomorphic to C^^ (of the proof of Theorem 5.2.3 (b)). 
Thus Gy is isomorphic to under an isomorphism p : M —>■ Mq ®w{k{v)) W{k) that takes 
Pm to •0* and ta to Va, where a E dw 

Let Ml := {hp)-^{L* W^(/c)). It is a W^(A;)-lattice of M[i]. Let Gi be the Zariski 

closure of GB{k) in GL(Mi). The quadruple {Mi, (l),Gi, {ta)aed) is a Shimura F-crystal 
with tensors isomorphic to Qg (via hp). Moreover, Mi is self dual with respect to pm and 
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we have ta{Mi) C Mi for all a e J©. Let Ai^ be the abelian variety over k that is 
isogenous to and whose Dieudonne module is (under this Z[i]-isogeny) {Mi,(f)). Let 
PAik be the principal polarization of Aik defined by pm- We endow Aik with the level s 
symplectic similitude structures induced naturally by those of A^, for all s G N prime to p. 
To these structures and to {Aik,PAik) corresponds naturally a morphism y : Spec(/c) M. 
Moreover, for a & 3b the tensor ta is the crystalline realization of a Z(p)-endomorphism of 
Aik- To end the proof of property 5.4 (b) we only have to check that there exists a point 
z G M,{W{k)) which lifts y and which factors through 'N in such a way that 1^ is the de 
Rham realization of the Hodge cycle z*{w^), for all o: G J. Due to condition 5.4.1 (iii) it is 
enough to work in the last sentence only with indices ck G Js. But due to condition 5.4.1 
(iv), the existence of z follows from the above part referring to representations of 'B/p'B 
and from the well known moduli considerations of [23, pp. 390 and 399]. □ 

5.4.3. Examples, (a) The principally quasi-polarized Dieudonne module of a principally 
quasi-polarized p-divisible group over k of height 2r is isomorphic to (M, g(f),pM), where 
g G Sp{M,pM){W{k)). Thus Theorem 5.4.2 for Siegel modular varieties (i.e., for when 
TsT = M) says that each principally quasi-polarized p-divisible group over k of height 2r is 
the one of a principally polarized abelian variety over k of dimension r. This result was 
first obtained in [44, Prop. 5.3.3]). 

(b) Suppose that the conditions 5.4 (i) to (iv) hold, that the Q-algebra !B[^] is 
simple, that the group scheme Gj,^ is split, and that G^^J is an SL^ group scheme. As 
is split we have k{v) = ¥p. As G^ is simple, the condition 5.4.1 (iv) holds even if n is odd 
(see [23, top of p. 394]). We also assume that we have a direct sum decomposition 

(14) Mo = L; = Lo®Li 

of -modules such that the representation of G^^^ on Lq is the standard faithful repre- 
sentation of rank n. Let a G S{1, n — 1) be such that fio acts trivially (resp. non-trivially) 
on a direct summand of Lq of rank a (resp. n — a). Let D be as in the beginning of Subsec- 
tion 5.3. For y G X(Vr(/c)), let (M, (j)) be as in the axiom 5.1.2 (b). Let 'Dw{k) =Dq®T)i 
and M = Nq © A'^i be the direct sum decompositions that corresponds naturally to (14). 
The pair (A^O: (p) is a Dieudonne module of rank n and dimension n — a. The Dieudonne 
module of another p-divisible group over k of rank n and dimension n — a is isomorphic 
to (Ao, £/(/)), where g G SL{No){W{k)) (cf. Fact 2.6.3 applied to (Aq, (/>, GL(A))). From 
this and Theorem 5.4.2 we get that each p-divisible group over k of rank n and dimension 
n — a is isomorphic to y*{Do) for some point y G y^w{k){k). 
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